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METBOO OF IMPLEMENTING DIGITAL PBASE-LOCRBLl LOOPS 
The p resen t  invention comprises a method of implementation of 
a d i g i t a l  phase-locked loop with loop  cons tan t s  derived from 
r o o t s  placed i n  t h e  a-plane on a root-by-root b a s i s  i n  terms of 
root-specif i c  damping and r o o t  s p e c i f i c  decay r a t e s .  The 
method provides improved f l e x i b i l i t y  i n  t a i l o r i n g  high-order 
loop performance and t h e  des ign is more s t ra ightforward and 
understandable f o r  high-order loops. The invent ive  method 
provides a f u l l y  d i g i t a l  formulation,  f r e e  of analog 
complications.  Further,  loop bandwidth and damping do no t  
change f o r  high-gain loops.  
FIG. 1 is a block diagram of a d i g i t a l  phase-locked loop w i t h  
phase and phase-rate updates; FIG. 2 is a g raph ica l  i l l u s t r a t i o n  
of the  r e l a t i o n  between t h e  conventional  second-frder loop f i l t e r  
paraateter r and the  control led-root  parameter n1 i n  the  
continuous update l i m i t s  FIG. 3 is a g raph ica l  i l l u s t r a t i o n  of 
r e l a t i o n s  between th i rd-order  loop  f i l t e r  parameters k and 
control led-root  parameters rll A2 i n  t h e  continuous update 1 i m i t  
with t h e  shaded a r e a  represent ing values  of K r  k where a l l  r o o t s  
a r e  r e a l ;  FIG. 4 is a g raph ica l  i l l u s t r a t i o n  of the  r e l a t i o n s h i p  
between fourth-order loop  f i l t e r  parameters k, a and 
control led-root  parameters 01 , , n2 i n  t h e  continuous update 
l i m i t ;  FIG. 5 is a g raph ica l  i l l u s t r a t i o n  of t r a v f e r  func t ions  
f o r  loops of order 1 t o  4 f o r  var ious  va lues  of tl and A2;  
FIG. 6 ,  comprising FIG%. 6e and 6br is a graphical  i l l u s t r a t i o n  
of normalized loop bandifidth BLT versus  r o o t  r e f  erence-scale 
parameter BLT f o r  a third-order loop  without, and with computation 
delay,  respect ively;  FIG. 7, comprising FIGS. 7a and 7br is a 
graphical  i l l u s t r a t i o n  of t r a n s f e r  func t ions  f o r  f i r s t  and second 
order loops  with phase and phase-rate feedback and no computation 
delay; FIG. 8, comprising FIGS.  8a and 8br is a graphical  
i l l u s t r a t i o n  of t r a n s f e r  func t ions  f o r  t h i r d  and f o u r t h  order 
loops with phase and phase-rate feedback and no computation 
delay; FIG. 98 comprising FIGs. 9a and 9b, is a g raph ica l  
i l l u s t r a t i o n  of t r a n s f e r  func t ions  f o r  f i rst and second order 
loops wi th  phase and phase-rate feedback and computation delay 
of one update i n t e r v a l ;  FIG. 10,  comprising FIGS. 10a and lob,  
is a g raph ica l  i l l u s t r a t i o n  of t r a n s f e r  func t ions  f o r  t h i r d  and 
f o u r t h  order  loops with phase and phase-rate feedback and 
computation delay of one update i n t e r v a l ;  FIG. 11, comprising 
PIGS. l l a  and l l b ,  is a g raph ica l  i l l u s t r a t i o n  of root-locus 
p l o t s  f o r  a s e c ~ n d  order  loop  using discrete-update formulation ( t h i c k  1 ine)  and continuous-update approximation ( t h i n  1 ine)  
a s  a func t ion  of BLT; FIG. 12, comprising FIGs. 12a and 12b, 
is a g raph ica l  i l l u s t r a t i o n  of mean time t o  f i r s t  cyc le  s l i p  
f o r  d iscre te-update  loops  with s u p e r c r i  t i c a l  damping, phase and 
phase-rate feedback8 no computation delay and s i n e  phase 
e x t r a c t o r ;  FIG. 13, comprising FIGS. 13a and l3b, is a 
g raph ica l  i l l u s t r a t i o n  of q u a n t i t i e s  descr ib ing s teady-s ta te  
phase e r r o r  i n  d iscre te-update  loops  with phase and phase-rate 
d e e d b a c k  and no computation delay;  and FIG. I d r  comprising 
FIGs. 14a and 14br is a graphical  k l l u s t r a t i o n  of q u a n t i t i e s  
desc r ib ing  s teady-s ta te  phase e r r o r  i n  discrete-update loops 
with phase and phase-rate feedback and computation delay of 
one update in te rva l .  
The novelty of t h e  invent ion r e s i d e s  i n  providing a method 
f o r  e s t ab l i sh ing  loop  f i l t e r  cons tan t s  from loop r o o t s  i n  a 
d i g i t a l  approach t h a t  avoids analog considera t ions  and thus 
makes DPLL design more s t ra ightforward and provides more 
accurately-controllec! loop  performance. 
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PATENT APPLICATION 
METHOD O F  IMPLEMENTING D I G I T A L  PHASE- LOCKED LOOPS 
O R I G I N  O F  INVENTION 
The i n v e n t i o n  d e s c r i b e d  h e r e i n  was made i n  t h e  
pe r fo rmance  of work unde r  a NASA c o n t r a c t ,  and i s  
5 s u b j e c t  t o  t h e  p r o v i s i o n s  of P u b l i c  Law 96-517 
(35  USC 2 0 2 )  i n  which t h e  C o n t r a c t o r  has  e l e c t e d  n o t  t o  
r e t a i n  t i t l e .  
TECHNICAL FIELD 
10 
The p r e s e n t  i n v e n t i o n  c o m p r i s e s  a  method of 
i m p l e m e n t a t i o n  of a d i g i t a l  phase - locked  l o o p  w i t h  l o o p  
c o n s t a n t s  d e r i v e d  f rom r o o t s  p l a c e d  i n  t h e  s - p l a n e  on  a 
roo t -by - roo t  b a s i s  i n  t e r m s  of r o o t - s p e c i f  ic damping 
15 and r o o t  s p e c i f i c  d e c a y  r a t e s .  The method p r o v i d e s  
improved f l e x i b i l i t y  i n  t a i l o r i n g  h i g h - o r d e r  l o o p  
per formance  and t h e  d e s i g n  is more s t r a i g h t £  orward and 
u n d e r s t a n d a b l e  f o r  h i g h - o r d e r  l o o p s .  The i n v e n t i v e  
method p r o v i d e s  a  f u l l y  d i g i t a l  f o r m u l a t i o n ,  f r e e  of 
2 0 a n a l o g  c o m p l i c a t i o n s .  F u r t h e r  , l o o p  bandwidth and 
damping do n o t  change  f o r  h igh -ga in  l o o p s .  
BACKGRCXJ ND ART 
I t  is d e s i r e d  t o  s i m p l i f y  and improve t h e  d e s i g n ,  
a n a l y s i s  and s y n t h e s i s  of h i g h - o r d e r  d i g i t a l  phase-  
l ocked  l o o p s ;  t o  f i n d  a  t e c h n i q u e  f o r  s e l e c t i n g  l o o p  
5 c o n s t a n t s  i n  h igh -ga in  l o o p s  i n  a  manner t h a t  l e a d s  
d i r e c t l y  t o  d e s i r e d  damping and l o o p  n o i s e  bandwidth .  
P r e v i o u s  a n a l y s e s  of d i g i t a l  phase - locked  l o o p s  
(DPLLs) a r e  based  on  t h e  t r a d i t i o n s  of a n a l o g  l o o p s  and 
10 i n t r o d u c e  u n n e c e s s a r y  a n a l o g  c o n s i d e r a t i o n s  s u c h  a s  
loop- f  il t e r  t ime  c o n s t a n t s  and u n c o n t r o l l e d  g a i n  
v a r i a t i o n s .  T h i s  r e l i a n c e  on a n a l o g  t r a d i t i o n  makes 
d i g i t a l - l o o p  a n a l y s i s  u n n e c e s s a r i l y  cumbersome and 
c i r c u i t o u s  and impedes  t h e  p r o g r e s s  of a n a l y s t s  w i t h  
15 l i t t l e  a n a l o g  t r a i n i n g .  Theory f o r  d i g i t a l  l o o p s  c a n  
be r i g o r o u s l y  d e v e l o p e d  from f i r s t  p r i n c i p l e  w i t h o u t  
r e f e r e n c e  t o  a n a l o g  c o n c e p t s .  With an app rop r  i a  t e l y  
f o r m u l a t e d  " d i g i t a l  a n a l y s i s , "  one  d i s c o v e r s  t h a t  DPLL 
t h e o r y  and d e s i g n  become more s t r a i g h t f o r w a r d  
20 ( p a r t i c u l a r l y  f o r  t h i r d  and f o u r t h  o r d e r  l o o p s )  and 
t h a t  l o o p  pe r fo rmance  i s  more a c c u r a t e l y  c o n t r o l l e d  f o r  
" h i g h  g a i n "  l o o p s .  
P r e v i o u s  a n a l y s e s  have begun w i t h  t h e  c l o s e d - l o o p  
e q u a t i o n  i n  t h e  " c o n t i n u o u s  u p d a t e "  (CU) l i m i t  i n  which 
BLT + 0 ,  where  BL is t h e  l o o p  n o i s e  bandwidth and T i s  
t h e  l o o p  u p d a t e  i n t e r v a l .  For s u f f i c i e n t l y  s m a l l  BLT 
5 ( e . g . ,  B L T 5  0.02) , t h e  CU a p p r o x i m a t i o n  c a n  p r o v i d e  an 
a d e q u a t e  s t a r t i n g  p o i n t  f o r  l o o p  a n a l y s i s  and d e s i g n .  
When BLT is i n c r e a s e d  i n  t h i s  model t o  l a r g e r ,  "h igh-  
g a i n "  v a l u e s ,  however,  l o o p  r o o t s  c a n  move away from 
t h e i r  i n i t i a l  " s m a l l  BLT1' p a t h s  i n  unplanned  d i r e c t i o n s  
10 and t h e  l o o p  c a n  d i v e r g e  f rom e x p e c t e d  b e h a v i o r .  For a  
l o o p  w i t h  d i s c r e t e  u p d a t e  (DU)  i n t e r v a l s ,  a  s o l u t i o n  t o  
t h e  l o o p  e q u a t i o n  c a n  be d e v e l o p e d  i n  which r o o t  
l o c a t i o n s  f o l l o w  p r e d e t e r m i n e d  p a t h s  a s  a  f u n c t i o n  of 
BLT. T h i s  f e a t u r e ,  which is an a u t o m a t i c  b e n e f i t  of a  
15 new c o n t r o l l e d - r o o t  p a r a m e t e r i z a t i o n  of t h e  p r e s e n t  
i n v e n t i o n ,  c a n  p r o v i d e ,  f o r  example ,  s u p e r c r  i t i c a l l y -  
damped r e s p o n s e  f o r  a l l  a l l o w e d  BLT v a l u e s .  
The f o l l o w i n g  U.S. P a t e n t s  we re  found i n  a  s e a r c h  of 
2 0 r e l e v a n t  p r i o r  a r t  b u t  none is deemed t o  af  f e c t  t h e  
p a t e n t a b i l i t y  of t h e  i n v e n t i v e  method h e r e o f .  
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STATEMENT OF THE INVENTION 
The i n s t a n t  i n v e n t i o n  compr ises an approach  t h a t  
r e v e r s e s  t h e  c o n v e n t i o n a l  p r o c e d u r e  of d e s i g n  f o r  
o b t a i n i n g  l o o p  f i l t e r  c o n s t a n t s .  T h e  i n s t a n t  
5 i n n o v a t i o n  is  a  method i n  which l o o p  r o o t s  a r e  f i r s t  
p l a c e d  i n  t h e  s - p l a n e  on t h e  b a s i s  of new r o o t -  
s p e c i f  ic-damping and r o o t - s p e c i f i c - d e c a y - r a t e  
p a r a m e t e r s .  Loop c o n s t a n t s  a r e  t h e n  c a l c u l a t e d  on t h e  
b a s i s  of t h e s e  r o o t s .  
10 
I n  t h e  p r e s e n t  i n v e n t i o n ,  l o o p - f i l  t e r  c o n s t a n t s  a r e  
s p e c i f i e d  i n  terms of new l o o p  p a r a m e t e r s .  By d e s i g n ,  
each  of t h e s e  p a r a m e t e r s  has  a  s i m p l e  and d i r e c t  
p h y s i c a l  meaning i n  t e r m s  of a u s e f u l  l o o p  p r o p e r t y :  
15 l o o p  n o i s e  bandwidth ,  t r a n s i e n t  decay  t ime or  damping. 
For example,  a  s i m p l e  c h o i c e  of p a r a m e t e r  v a l u e s  w i l l  
a u t o m a t i c a l l y  g i v e  a l o o p  a  p a r t i c u l a r  s e l e c t e d  l o o p  
bandwidth and s u ~ e r c r  i t i c a l l y - d a m p e d  behav io r  (1 -e . ,  
a l l  r o o t s  rea l ,  n e g a t i v e ,  and e q u a l ) .  Thus, t h e  need 
2 0 t o  s o l v e  f o r  r o o t  l o c a t i o n  a s  a  f u n c t i o n  of s t a n d a r d  
l o o p  p a r a m e t e r s  (e .g . ,  B L t  r and k f o r  a  t h i r d - o r d e r  
l o o p )  is e l i m i n a t e d  and a n a l y s i s  is s i m p l i f i e d .  The  
new p a r a m e t e r i z a t i o n  is made f e a s i b l e  i n  a  p r a c t i c a l  
s e n s e  by t h e  f a c t  t h a t  d i g i t a l  l o o p s  c a n  u s u a l l y  be  
d e s i g n e d  s o  t h a t  t h e y  do n o t  s u f f e r  s i g n i f i c a n t l y  from 
t h e  e f f e c t s  of g a i n  v a r i a t i o n s .  T h a t  is ,  v a r i a t i o n s  i n  
s i g n a l  a m p l i t u d e ,  due  t o  e i t h e r  g a i n  i n s t a b i l i t y  o r  
5 s igna l -power  c h a n g e s ,  c an  u s u a l l y  be a c c o u n t e d  f o r  by 
u s i n g  a  no rma l i zed  p h a s e  e x t r a c t o r .  So c o m p r i s e d ,  a  
" f u l l y  d i g i t a l "  DPLL d o e s  n o t  r e q u i r e  t h e  a n a l y s i s  o r  
p r e c a u t i o n s  n e c e s s i t a t e d  i n  o t h e r  DPLL d e s i g n s  by 
p o t e n t i a l  g a i n  v a r i a t i o n s .  A p a r t i c u l a r l y  a p p e a l i n g  
10 b e n e f i t  of t h e  i n v e n t i o n  is  t h e  e l i m i n a t i o n  of t h e  
e q u i v o c a l  p r a c t i c e  of u s i n g  t h e  l o o p  p a r a m e t e r  r a s  
bo th  "damping f a c t o r "  and an o v e r a l l  g a i n  f a c t o r .  
The a n a l y s i s  i s  e x t e n d e d  t o  f o u r t h - o r d e r  l o o p s  
15 because  of t h e  p o t e n t i a l  a d v a n t a g e s  of s u c h  l o o p s .  I n  
some s p a c e c r a f t  a p p l i c a t i o n s ,  l o o p  bandwidth  c a n  be s e t  
t o  a  s m a l l e r  v a l u e  f o r  a  f o u r t h - o r d e r  l o o p  t h a n  f o r  a  
t h i r d .  C o n s e q u e n t l y ,  lower  s i g n a l  s t r e n g t h s  c a n  be 
r e l i a b l y  t r a c k e d .  F o u r t h - o r d e r  DPLLs, u n l i k e  t h e i r  
2 0 a n a l o g  c o u n t e r p a r t s ,  a r e  e a s y  t o  d e s i g n  and implement ,  
g i v e n  t h e  new f u l l y - d i g i t a l  f o r m u l a t i o n .  A c c u r a t e  
p l acemen t  of l o o p  r o o t s  r e s u l t s  f rom a  s i m p l e  s e l e c t i o n  
of p a r a m e t e r s  v a l u e s  r a t h e r  than  c o m p l i c a t e d  a n a l o g  
c i r c u i t  d e s i g n .  
A c q u i s i t i o n  i n  t h i r d -  and f o u r t h - o r d e r  l o o p s  s h o u l d  
be c a r e f u l l y  c r a f t e d .  The cus tomary  a p p r o a c h  f o r  a  
t h i r d - o r d e r  l o o p  has  been t o  a c q u i r e  f i r s t  w i t h  a  
s econd-o rde r  l o o p  w i t h  "wide bandwidth"  and t h e n  "hand 
5 o v e r "  t r  a c k i n g  t o  a  "narrow-bandwidth"  t h i r d - o r d e r  
l o o p .  T h i s  a p p r o a c h  s a c r i f i c e s  t h e  o p p o r t u n i t y  of 
d i r e c t l y  a c q u i r i n g  weaker s i g n a l s  w i t h  t h e  "narrow- 
bandwidth"  t h i r d - o r d e r  l o o p .  High-order  DPLLs u n l i k e  
s i m i l a r  a n a l o g  l o o p s ,  c an  be e a s i l y  i n i t i a l i z e d  s o  t h a t  
10 t h e y  a c q u i r e  d i r e c t l y ,  w i t h o u t  f i r s t  a c q u i r i n g  w i t h  a  
l ower -o rde r  l o o p .  Fur thermor  e l  i f  s u f f i c i e n t  a p r i o r  i 
i n f o r m a t i o n  is  s u p p l i e d ,  DPLLs w i l l  s t a r t  o f f  t r a c k i n g  
i n - l o c k ,  w i t h  n o  t r a n s i e n t s .  The n e c e s s a r y  a p r i o r i  
i n f o r m a t i o n  ( i n  t h e  form of a  s i g n a l  phase  and i t s  
15 d e r i v a t i v e s )  c a n  be s u p p l i e d  by FFT a n a l y s i s  and/or 
p r e d i c t s .  When a  d i r e c t  a c q u i s i t i o n  scheme is 
i n c o r p o r a t e d ,  f o u r t h - o r d e r  DPLLs g a i n  even  g r e a t e r  
s i g n i f i c a n c e  a s  an o p t i o n  t o  t h i r d - o r d e r  l o o p s  f o r  
a c q u i r i n g  and t r a c k i n g  weak s p a c e c r a f t  s i g n a l s .  
2 0 
To e s t a b l i s h  a  f o u n d a t i o n  f o r  a n a l y s i s ,  a  h i g h - l e v e l  
d e s c r i p t i o n  of a  DPLL is  p r e s e n t e d  by way of 
background.  For l o o p s  of f i r s t  t o  f o u r t h  o r d e r ,  t h e  
new c o n t r o l l e d - r o o t  p a r a m e t e r i z a t i o n  is used  t o  d e r i v e  
25 a  CU-limit  s o l u t i o n  and t o  d e v e l o p  a  g e n e r a l  app roach  
from which numer i c a l ,  c o n t r o l l e d - r o o t  s o l u t i o n s  t o  t h e  
DU l o o p  c a n  be d e r i v e d .  S o l u t i o n s  a r e  g i v e n  f o r  phase  
and p h a s e - r a t e  f e e d b a c k ,  w i t h  c o m p u t a t i o n  d e l a y  f o r  
c l o s i n g  t h e  l o o p  s e t  t o  e i t h e r  z e r o  or one  u p d a t e  
5 i n t e r v a l .  To t i e  i n  w i t h  t r a d i t i o n a l  a n a l y s i s ,  t h e  new 
l o o p  p a r a m e t e r s  a r e  r e l a t e d  t o  o l d  l o o p  p a r a m e t e r s  i n  
t h e  CU l i m i t .  Loop t r a n s f e r  f u n c t i o n s  a r e  p r e s e n t e d  
f o r  e a c h  l o o p  o r d e r .  The t e c h n i q u e  f o r  d i r e c t  
t r a n s i e n t - f r e e  a c q u i s i t i o n  is  e x t e n d e d  t o  f o u r t h - o r d e r  
10 l o o p s .  F i n a l l y ,  r e s u l t s  f o r  two measures  of l o o p  
pe r fo rmance ,  mean time t o  f i r s t  c y c l e  s l i p  and s t e a d y -  
s t a t e  phase  e r r o r ,  a r e  d e s c r i b e d .  
OBJECTS OF THE INVENTION 
I t  is  t h e r e f  o r e  a  p r i n c i p a l  o b j e c t  of t h e  p r e s e n t  
i n v e n t i o n  t o  p r o v i d e  a  method f o r  s p e c i f y i n g  loop -  
f i l t e r  c o n s t a n t s  of d i g i t a l  phase - locked  l o o p s  i n  t e r m s  
5 of l o o p  p a r a m e t e r s  hav ing  d i r e c t  p h y s i c a l  meaning a s  a  
u s e f u l  l o o p  p r o p e r t y .  
I t  i s  a n o t h e r  o b j e c t  of t h e  i n v e n t i o n  t o  p r o v i d e  a  
method of s i m p l i f y i n g  t h e  a n a l y s i s  of d i g i t a l  phase-  
10 l ocked  l o o p s  by o b v i a t i n g  t h e  need t o  s o l v e  f o r  r o o t  
l o c a t i o n  a s  a  f u n c t i o n  of s t a n d a r d  l o o p  p a r a m e t e r s .  
I t  is  s t i l l  an a d d i t i o n a l  o b j e c t  of t h e  p r e s e n t  
i n v e n t i o n  t o  p r o v i d e  a  method f o r  p a r a m e t e r i z i n g  
15 d i g i t a l  phase - locked  l o o p s ,  whe re in  l o o p  c o n s t a n t s  a r e  
computed on  t h e  b a s i s  of l o o p  n o i s e  bandwidth and 
c o n t r o l l e d - r o o t  i n d e p e n d e n t  p a r a m e t e r s  r e l a t e d  t o  decay  
t i m e s  and damping. 
BRIEF DESCRIPTION O F  THE DRAWINGS 
The a f o r e m e n t i o n e d  o b j e c t s  and a d v a n t a g e s  of t h e  
p r e s e n t  i n v e n t i o n ,  a s  w e l l  a s  a d d i t i o n a l  o b j e c t s  and 
a d v a n t a g e s  t h e r e o f ,  w i l l  be more f u l l y  unde r s tood  
5 h e r e i n a f t e r  a s  a  r e s u l t  of a  d e t a i l e d  d e s c r i p t i o n  of a  
p r e f e r r e d  embodiment when t a k e n  i n  c o n j u n c t i o n  w i t h  t h e  
f o l l o w i n g  d r a w i n g s  i n  which:  
FIG. 1 is a  b l o c k  d i ag ram of a  d i g i t a l  phase - locked  
10 l o o p  w i t h  phase  and p h a s e - r a t e  u p d a t e s ;  
FIG. 2 is  a g r a p h i c a l  i l l u s t r a t i o n  of t h e  r e l a t i o n  
between t h e  c o n v e n t i o n a l  s econd-o rde r  l o o p  f i l t e r  
2 p a r a m e t e r  r and t h e  c o n t r o l l e d - r o o t  p a r a m e t e r  rl i n  
1 
15 t h e  c o n t i n u o u s  u p d a t e  l i m i t ;  
FIG. 3 is a  g r a p h i c a l  i l l u s t r a t i o n  of r e l a t i o n s  
between t h  i r d - o r d e r  l o o p  f  il t e r  parame t e r s  r , k and 
c o n t r o l l e d - r o o t  p a r a m e t e r s  n l  X2 i n  t h e  c o n t i n u o u s  
2 0 u p d a t e  l i m i t  w i t h  t h e  shaded  a r e a  r e p r e s e n t i n g  v a l u e s  
of r ,  k whe re  a l l  r o o t s  a r e  r e a l ;  
FIG. 4 is a  g r a p h i c a l  i l l u s t r a t i o n  of t h e  
r e l a t i o n s h i p  between f o u r  t h - o r d e r  l o o p  f i l t e r  
p a r a m e t e r s  r ,  k t  a  and c o n t r o l l e d - r o o t  p a r a m e t e r s  n 1  , 
h 2  , n2 i n  t h e  c o n t i n u o u s  u p d a t e  l i m i t ;  
5 
FIG. 5 is a  g r a p h i c a l  i l l u s t r a t i o n  of t r a n s f e r  
f u n c t i o n s  f o r  l o o p s  of o r d e r  1 t o  4 f o r  v a r i o u s  v a l u e s  
2 
of n and X2 ; 
10 FIG. 6 ,  c o m p r i s i n g  FIGS. 6a  and 6b, is a  g r a p h i c a l  
i l l u s t r a t i o n  of no rma l i zed  l o o p  bandwidth B LT v e r s u s  
r o o t  r e f e r e n c e - s c a l e  p a r a m e t e r  BLT f o r  a  t h i r d - o r d e r  
l o o p  w i t h o u t ,  and w i t h  c o m p u t a t i o n  d e l a y ,  r e s p e c t i v e l y ;  
15 FIG. 7 ,  c o m p r i s i n g  FIGS. 7a and 7b, is a  g r a p h i c a l  
i l l u s t r a t i o n  of t r a n s f e r  f u n c t i o n s  f o r  f i r s t  and second 
o r d e r  l o o p s  w i t h  phase  and p h a s e - r a t e  f e e d b a c k  and n o  
c o m p u t a t i o n  d e l a y ;  
20 FIG. 8 ,  c o m p r i s i n g  FIGS. 8a and 8b,  is a  g r a p h i c a l  
i l l u s t r a t i o n  of t r a n s f e r  f u n c t i o n s  f o r  t h i r d  and f o u r t h  
o r d e r  l o o p s  w i t h  phase  and p h a s e - r a t e  f e e d b a c k  and no  
c o m p u t a t i o n  d e l a y ;  
FIG. 9,  c o m p r i s i n g  FIGs.  9a and 9b, is a  g r a p h i c a l  
i l l u s t r a t i o n  of t r a n s f e r  f u n c t i o n s  f o r  f i r s t  and second 
o r d e r  l o o p s  w i t h  phase  and p h a s e - r a t e  f e e d b a c k  and 
c o m p u t a t i o n  d e l a y  of  one u p d a t e  i n t e r v a l ;  
FIG. 1 0 ,  c o m p r i s i n g  FIGs. 1 0 a  and l o b ,  is  a  g r a p h i c a l  
i l l u s t r a t i o n  of t r a n s f e r  f u n c t i o n s  f o r  t h i r d  and f o u r t h  
o r d e r  l o o p s  w i t h  phase  and p h a s e - r a t e  f e e d b a c k  and . . 
c o m p u t a t i o n  d e l a y  of one u p d a t e  i n t e r v a l ;  
FIG. 11, c o m p r i s i n g  FIGs. l l a  and l l b ,  i s  a  g r a p h i c a l  
i l l u s t r a t i o n  of r o o t - l o c u s  p l o t s  f o r  a  second  o r d e r  
l o o p  u s i n g  d i s c r e t e - u p d a t e  f o r m u l a t i o n  ( t h i c k  l i n e )  and 
c o n t i n u o u s - u p d a t e  a p p r o x i m a t i o n  ( t h i n  l i n e )  a s  a  
15 f u n c t i o n  of BLT; 
FIG. 1 2 ,  c o m p r i s i n g  FIGs. 1 2 a  and 12b ,  is a  g r a p h i c a l  
i l l u s t r a t i o n  of mean t ime  t o  f i r s t  c y c l e  s l i p  f o r  
d i s c r e t e - u p d a t e  l o o p s  w i t h  s u ~ e r c r  i t i c a l  damping,  phase  
20 and p h a s e - r a t e  f e e d b a c k ,  no c o m p u t a t i o n  d e l a y  and s i n e  
phase  e x t r a c t o r ;  
FIG. 13 ,  comprising FIGs. 13a and 13b, is a  g r a p h i c a l  
i l l u s t r a t i o n  of q u a n t i t i e s  d e s c r i b i n g  s t e a d y - s t a t e  
phase e r r o r  i n  d i s c r e t e - u p d a t e  l o o p s  wi th  phase and 
phase - ra te  feedback and no computa t ion  d e l a y ;  and 
FIG. 1 4 ,  comprising FIGs. 14a and 14b, i s  a  g r a p h i c a l  
i l l u s t r a t i o n  of q u a n t i t i e s  de sc r  i b ing  s t e a d y - s t a t e  
phase e r r o r  i n  d i sc re te -upda  t e  l o o p s  wi th  phase and 
phase - ra te  feedback and computat ion d e l a y  of one update  
i n t e r v a l .  
1 .0  DETAILED DESCRIPTION OF THE INVENTION 
2 .0  HIGH-LEVEL DESCRIPTION O F  A DPLL 
The b lock  d i ag ram i n  FIG. 1 shows t h e  b a s i c  e l e m e n t s  
of a  DPLL. The example DPLL shown i n  FIG. 1 is based  
5 on " immed ia t e  u p d a t e "  of t h e  l o o p  f i l t e r  and f e e d b a c k  
of phase  a s  well  a s  p h a s e - r a t e .  A l t e r n a t e  DPLL d e s i g n s  
might  f e e d b a c k  o n l y  phase  r a t e  and/or  have a  
s u b s t a n t i a l  c o m p u t a t i o n  d e l a y  ( " t r a n s p o r t  l a g " ) .  The  
a n a l y s i s  below a l s o  t r e a t s  t h e  c a s e  when t h e  
10 c o m p u t a t i o n  d e l a y  is e q u a l  t o  one  u p d a t e  i n t e r v a l .  
An incoming s i g n a l  is sampled a t  a  h i g h  r a t e  ( f , )  and 
t h e n  c o u n t e r - r o t a t e d  sample  by sample  w i t h  model phase  
v a l u e s  g e n e r a t e d  by a  n u m b e r - c o n t r o l l e d  o s c i l l a t o r  
15 (NCO) a s  d i r e c t e d  by l o o p  f e e d b a c k .  The r e s u l t i n g  
c o u n t e r - r o t a t e d  s i g n a l ,  which s h o u l d  have  v e r y  low 
f r e q u e n c y ,  is t h e n  accumula ted  o v e r  an u p d a t e  i n t e r v a l  
l e n g t h  T. A phase  e x t r a c t o r  t h e n  p r o c e s s e s  t h e  
r e s u l t i n g  complex s u m  t o  produce  a v a l u e  f o r  r e s i d u a l  
20 phase f o r  t h e  g i v e n  i n t e r v a l  (nth ) . For an i d e a l  p h a s e  
e x t r a c t o r ,  t h e  nth r e s i d u a l  phase  is e q u i v a l e n t  t o  t h e  
d i f f e r e n c e  o f  t h e  nth i n p u t  s i g n a l  p h a s e  4, and  t h e  nth 
model  p h a s e  4m,n: 
w i t h  e a c h  r e f e r e n c e  t o  t h e  c e n t e r  of  t h e  sum i n t e r v a l .  
Even t h o u g h  a c t u a l  r e s i d u a l  p h a s e  c a n  d e v i a t e  f r o m  t h i s  
l i n e a r  mode l  d u e  t o  n o n l i n e a r i t y  i n  t h e  p h a s e  e x t r a c t o r  
a n d / o r  c y c l e  a m b i g u i t i e s ,  t h e  t h e o r y  p r e s e n t e d  h e r e  
10 w i l l  b e  b a s e d  o n  t h e  a p p r o x i m a t i o n  o f  E q u a t i o n  ( 2 . 1 )  . 
T h i s  n t h  r e s i d u a l  p h a s e  is i m m e d i a t e l y  p a s s e d  t o  t h e  
l o o p  f i l t e r  t o  assist i n  t h e  p r e d i c t i o n  o f  t h e  p h a s e  
r a t e  f o r  t h e  ( n  + l I t h  i n t e r v a l .  The l o o p  f i l t e r .  
g e n e r a t e s  a n  estimate o f  p h a s e  r a t e ,  @m,n+l  TI i n  t h e  
15 f o r m  of p h a s e  c h a n g e  per u p d a t e  i n t e r v a l .  An es t imate  
t h 
o f  t h e  n e x t  m o d e l  p h a s e ,  t h e  ( n  + 1) , is p r o j e c t e d  
a h e a d  t o  i n t e r v a l  c e n t e r  by a d d i n g  t h i s  es t imate p h a s e  
c h a n g e  t o  t h e  p r e v i o u s  n t h  mode l  p h a s e :  
t h  The  ( n  + 1 )  mode l  p h a s e ,  a l o n g  w i t h  e s t i m a t e d  p h a s e  
r a t e ,  is u s e d  t o  i n i t i a l i z e  t h e  p h a s e  and  r a t e  
r e g i s t e r s  o f  t h e  NCO i n  a manner  t h a t  c a u s e s  t h e  NCO t o  
t h  25 p r o d u c e  o v e r  t h e  ( n  + 1) i n t e r v a l ,  p h a s e  
values charac ter ized  by sa id  r a t e  and cen te r - in te rva l  
phase. I n  t h i s  manner, the loop is closed and a new 
value for r e s idua l  phase is produced t o  r epea t  the 
process. 
3.0 LOOP THEORY 
3 .l LOOP FILTER 
A s  suggested above, res idual  phase from a given 
i n t e r v a l  can e i t h e r  immdiately en te r  the loop f i l t e r  
and inf luence feedback i n  the very next i n t e r v a l  or i t s  
e f f e c t  can be delayed t o  allow more time for  
15 computation. Two cases  a r e  considered here:  a )  
" immediate" updates w i t h  acceptably small  computation 
times and b) updates delayed by one update i n t e r v a l .  
Immediate updates a r e  discussed f i r s t  . 
The use of r e s idua l  phase from a given i n t e r v a l  t o  
update NCO phase in  the very next i n t e r v a l  can lead t o  
a "dead time" during which necessary update 
computations a r e  performed, and during which no 
counter-rotated phasors a r e  accumulated. I f  the length 
of t h i s  "dead t i m e 1 '  can be made such a small f r a c t i o n  
of an u p d a t e  i n t e r v a l  t h a t  t h e  SNR l o s s  is a c c e p t a b l y  
s m a l l ,  t h e  immed ia t e  u p d a t e  of t h e  l o o p  f i l t e r  becomes 
f e a s i b l e .  For immedia te  u p d a t e s ,  an N~~ - o r d e r  d i g i t a l  
l o o p  f i l t e r ,  u s i n g  r e s i d u a l  phase  v a l u e s  6$i up t o  and 
i n c l u d i n g  t h e  nth sum i n t e r v a l  , e s t i m a t e s  phase  r a t e  
f o r  t h e  (n + l)th i n t e r v a l  a c c o r d i n g  t o  
(3.1) 
where  'm,n+l T is phase  change  p e r  u p d a t e  i n t e r v a l  T and 
t h e  l o o p  c o n s t a n t s  Ki a r e  t o  be  s p e c i f i e d  below. (An 
N~~ - o r d e r  l o o p  h a s  N terms.) 
15 I n  t h e  c a s e  of a r e l a t i v e l y  l o n g  c o m p u t a t i o n  time, 
l o s s  of d a t a  c a n  o f t e n  be e l i m i n a t e d  by p e r f o r m i n g  
f i l t e r  c o m p u t a t i o n s  i n  p a r a l l e l  w i t h  s i g n a l  
a c c u m u l a t i o n  i n  e a c h  u p d a t e  i n t e r v a l ,  and a p p l y i n g  t h e  
r e s u l t  one i n t e r v a l  l a t e r  t han  t h e  immedia te -upda te  
20 approach .  For a c o m p u t a t i o n  d e l a y  ( " t r a n s p o r t  l a g " )  of 
one u p d a t e  i n t e r v a l  t h e  l o o p  f i l t e r  e s t i m a t e s  phase  
r a t e  by comput ing  d u r i n g  t h e  nth  i n t e r v a l  t h e  
e x p r e s s i o n  
Note t h a t  t h e  o n l y  c h a n g e  b e t w e e n  E q u a t i o n s  (3 .1 )  and 
(3 .2 )  is t h a t  t h e  n t h  r e s i d u a l  p h a s e  i s  n o t  used  i n  
c o m p u t i n g  t h e  (n  + l)th p h a s e - r a t e  estimate. 
I n  t h e  f o l l o w i n g  d i s c u s s i o n ,  t h e  l o o p  e q u a t i o n  w i l l  
be s o l v e d  o n  t h e  b a s i s  of  i m r r e d i a t e  u p d a t e s  E q u a t i o n  
( 3 . 1 ) ,  w h i l e  o n l y  r e s u l t s  a r e  p r e s e n t e d  f o r  E q u a t i o n  
3.2 CONTINUOU S-UPDATE LIMIT 
LOOP EQUATION 
I n  many a p p l i c a t i o n s ,  t h e  u p d a t e  i n t e r v a l  T is  much 
s h o r t e r  t h a n  a l l  o t h e r  f i l t e r  time s c a l e s ,  and 
c o n s i d e r a b l e  i n s i g h t  may be g a i n e d  by w r i t i n g  E q u a t i o n  
( 3  .l) i n  t h e  l l c o n t i n u o u s - u p d a t e  l i m i t " ,  T+ 0. (One c a n  
e a s i l y  show t h a t  E q u a t i o n  (3 .2 )  l e a d s  t o  t h e  same 
r e s u l t  i n  t h i s  l i m i t , )  To f a c i l i t a t e  t h i s ,  d e f i n e  new 
l o o p  c o n s t a n t s  ki a s  
Ki = ni T' for i = 1, N 
s o  t h a t  E q u a t i o n  (3 .1)  becomes 
where  e s t i m a t e d  p h a s e  r a t e  has  been r e w r i t t e n  on t h e  
b a s i s  of E q u a t i o n  (2 .2)  under  t h e  a s s u m p t i o n  t h a t  t h e  
NCO is  upda t ed  i n  bo th  phase  and phase  r a t e .  I n  t h e  
l i m i t  T -t 0 ,  t h e  f i r s t  t e rm  becomes a  d e r i v a t i v e  and t h e  
sums become i n  t e g r  a 1  s : 
(3.5) 
Thus,  i n  t h i s  l i m i t ,  t h e  b a s i c  e q u a t i o n  g o v e r n i n g  "NCO 
r a t e "  i s  t h e  same e q u a t i o n  t h a t  g o v e r n s  t h e  VCO r a t e  of 
an a n a l o g  l o o p ,  g i v e n  p e r f e c t  i n t e g r a t o r s .  
S o l u t i o n s  of t h e  c l o s e d - l o o p  e q u a t i o n  c a n  be used on 
t h e  t h e o r y  of d i f f e r e n t i a l  e q u a t i o n s  a f t e r  s u b s t i t u t i n g  
E q u a t i o n  (2 .1)  and d i f f e r e n t i a t i n g  N - 1 t i m e s :  
S o l u t i o n  of t h i s  d i f f e r e n t i a l  e q u a t i o n  w i l l  g i v e  t h e  
behav io r  of model phase  +m i n  r e s p o n s e  t o  i n p u t  phase  + . 
3 02 02 TRANSFER FUNCTION AND LOOP NOISE BANDWIDTH 
To f i n d  t h e  f r e q u e n c y  r e s p o n s e  of t h e  l o o p ,  t a k e  t h e  
F o u r i e r  t r a n s f o r m  of bo th  s i d e s  of E q u a t i o n  (3 .6 )  , and 
u t i l i z e  t h e  r e l a t i o n  
dn4(t) 
{ dt" } = (i27rv)" 3{ 4(t) } 
w h e r e 7 1 1  r e p r e s e n t s  a F o u r i e r  t r a n s f o r m .  T h i s  
pro? uces  
(3.8) 
where Q ( v )  and Qm (v ) a r e  t h e  F o u r i e r  t r a n s f o r m s  of 
+ ( t )  and 4 m ( t ) .  The c l o s e d - l o o p  t r a n s f e r  f u n c t i o n  
H ( v )  is d e f i n e d  by @ ( v )  = H ( v ) $ ( v ) ,  s o  we have 
m 
P l o t s  of t h e  t r a n s f e r  f u n c t i o n  f o r  v a r i o u s  l o o p  o r d e r s  
and c o n s t a n t s  a r e  shown i n  FIGS. 7 t o  1 0 .  The s i n g l e -  
s i d e d  l o o p  n o i s e  bandwidth B L  f o r  t h e  c l o s e d  l o o p  is 
d e f i n e d  by 
T h i s  i n t e g r a l  is e v a l u a t e d  i n  Appendix A t o  f i n d  BL a s  
a  f u n c t i o n  of k l  , k 2 , .  .. c o n t i n u o u s - u p d a t e  l i m i t  and 
t h e  r e s u l t s  a r e  summarized i n  T a b l e  3-1 f o r  l o o p  f o u r t h  
o r d e r .  
3 -2.3 PARAMETER1 ZATION OF LOOP CONSTANTS 
Loop bandwidth BL p r o v i d e s  u s  w i t h  one  p a r a m e t e r  f o r  
p a r a m e t e r  i z  i n g  t h e  l o o p  c o n s t a n t s .  C o n v e n t i o n a l  l o o p  
t h e o r y  (e .g . ,  2 )  s p e c i f i e s  a d d i t i o n a l  p a r a m e t e r s  a t  
t h i s  p o i n t  (e r , kt. . .) t o  c o m p l e t e  t h e  
p a r a m e t e r i z a t i o n .  However, s i n c e  r ,  k ,  e tc.  c a n n o t  be 
g i v e n  d i r e c t  p h y s i c a l  s i g n i f i c a n c e  f o r  l o o p s  h i g h e r  
than  second o r d e r ,  t h e y  a re  less use£  u l  t h a n  more 
c a r e f  u l l y  chosen  p a r a m e t e r s  . 
To b e g i n  t h e  p r o c e s s  of d e f i n i n g  new p a r a m e t e r s ,  
d e f i n e  t h e  h i g h e r  k l s  i n  t e r m s  of k l  : 
No l o s s  of g e n e r a l i t y  is s u f f e r e d  a t  t h i s  s t e p  s i n c e  
t h r e e  new p a r a m e t e r s  r e p l a c e  t h e  t h r e e  k ' s .  When t h i s  
e q u a t i o n  is  s u b s t i t u t e d  f o r  t h e  k ' s  i n  t h e  e x p r e s s i o n  
f o r  l o o p  bandwidth ,  one o b t a i n s  B L  a s  a  f u n c t i o n  of 
t h e  a ' s ,  a s  shown i n  T a b l e  3-1. T h i s  e q u a t i o n  c a n  be 
s o l v e d  f o r  k l  i n  terms of BL and t h e  a ' s ,  a s  shown by 
t h e  f i r s t  l i n e  of e q u a t i o n s  f o r  e a c h  l o o p  o r d e r  i n  
Tab le  3-2. Based on t h i s  e x p r e s s i o n  f o r  k,  and 
E q u a t i o n  ( 3  -11) , t h e  l o o p  c o n s t a n t s  c a n  be e x p r e s s e d  a s  
a  f u n c t i o n  of BL and t h e  a ' s .  
The v a r i a b l e s  a 2 , .  . . ,aN , w i l l  now be p a r a m e t e r i z e d  
i n  t e r m s  of p h y s i c a l l y  s i g n i f i c a n t  q u a n t i t i e s .  To 
beg in  t h e  s e a r c h  f o r  s u c h  p a r a m e t e r s ,  r e t u r n  t o  
E q u a t i o n  ( 3  -6) . When t h e  r o o t s  a r e  u n e q u a l  ( i . e . ,  non- 
d e g e n e r a t e )  , t h e  g e n e r a l  s o l u t i o n  t o  t h e  homogeneous 
e q u a t i o n  ( 4  ( t )  = 0) is  of t h e  form 
where each si is a  r o o t  of t h e  c h a r a c t e r i s t i c  e q u a t i o n  
and where t h e  a i  a r e  ampl i tudes  t o  be determined by t h e  
5 i n i t i a l  c o n d i t i o n s .  We can use c h a r a c t e r  istics of 
t h e s e  r o o t s  t o  p a r a m e t e r i z e  k l  , k 2  #.. . , k N f  SO a s  t o  
c r e a t e  a  more p h y s i c a l l y  i n t e r p r e t a b l e  r e p r e s e n t a t i o n .  
S ince  t h e  l o o p  c o n s t a n t s  k  a r e  r e a l ,  we can i 
10 p a r a m e t e r i z e  t h e  r o o t s  wi thout  l o s s  of g e n e r a l i t y  a s  
2 
where q... and ' B e  a r e  r e a l .  For an odd number of r o o t s ,  
i 1 
15 t h e  unpai red  r o o t  is n o t  g iven  an 0' parameter .  T h i s  
p a r a m e t e r i z a t i o n  t a k e s  advantage  of t h e  f a c t  t h a t  
complex r o o t s  of a  polynominal e q u a t i o n  always occur  i n  
c o n j u g a t e  p a i r  when t h e  polynominal c o e f f i c i e n t s  a r e  
r e a l .  O u r  g o a l  h e r e  is t o  c r e a t e  pa ramete r s  which 
20 d i c t a t e  t h e  r e l a t i v e  behavior  of t h e  r o o t s  once BL 
has been s p e c i f i e d .  Thus we can choose one r o o t  
f a c t o r ,  f i l f  a s  t h e  r e f e r e n c e  d e c a y - r a t e  parameter ,  
w h i c h  is t o  be determined below a s  a  f u n c t i o n  of BL ,  
and form new parameters which i n d i c a t e  magnitude 
r e l a t i v e  t o  the f i r s t :  
5 Our roo t  parameter izat ion is  now given by: 
(3.16) 
{sl,~z;ss,~4iss,sa;--.) = {-P1(1 111); -P1A2(1 f112); -PlA3(1 f 113); ...) 
The o v e r a l l  s c a l e  f ac to r  8, .  which we choose t o  be a  
10 pos i t ive  r e a l  number for  loop s t a b i l i t y ,  is 
proport ional  t o  B L  in the CU l i m i t ,  as can be infer red  
from the s p e c i f i c  example in  Sect ion 3.2.4. 
2 The ni , which we w i l l  r e f e r  t o  a s  the damping 
15 parameters, contain useful  information about each roo t  
2 pa i r .  The s ign of si for a  given roo t  p a i r  determines 
the damping behavior for  t h a t  r o o t  pa i r :  
11; > 0 two real roots: overdamped 
llf = 0 two real, equal roots: critically damped 
< 0 complex conjugate pair: underdamped/oscillatory 
2 
and the magnitude of si is a  measure of the separa t ion  
of the r o o t  p a i r :  
The h i t s ,  which we w i l l  r e f e r  t o  a s  t h e  r e l a t i v e  
magni tude  p a r a m e t e r s ,  c o n t r o l  t h e  r e l a t i v e  magn i tudes  
of d i f f e r e n t  r o o t  p a i r s .  F u r t h e r m o r e ,  a  n e g a t i v e  
( p o s i t i v e )  f o r  a  g i v e n  r o o t  i n d i c a t e s  an 
5 e x p o n e n t i a l l y  g rowing  ( d e c a y i n g )  s o l u t i o n  t o  ( 3 . 6 )  , 
s i n c e  B1 is c h o s e n  t o  be a p o s i t i v e  r e a l  v a l u e .  Some 
i n t e r e s t i n g  v a l u e s  of A's and n t s  a r e :  
all Xi = 1 all real parts of roots equal 
all ttf = 0, X i  = 1 all roots real and equal (supercritically damped) 
10 all = -1, Xi = 1 'standardn under damped response 
where  " s t a n d a r d "  underdamped r e s p o n s e  f o r  a  g i v e n  r o o t  
c o r r e s p o r d s  t o  t h e  r e s p o n s e  of a  2nd - o r d e r  l o o p  w i t h  
r = 2 ( 5  = 0.707). 
To e x p r e s s  t h e  k t s  as a  f u n c t i o n  of t h e s e  'new r o o t  
p a r a m e t e r s ,  e q u a t e  e a c h  t e rm i n  E q u a t i o n  (3.13) with  
t h e  l i k e  term i n  t h e  same po lynomina l  f a c t o r e d  i n t o  its 
r o o t s :  
The k g s  a r e  t hen  g i v e n  by 
10 When t h e  r o o t  e x p r e s s i o n s  i n  E q u a t i o n  (3.16) and t h e  k 
e x p r e s s i o n s  i n  E q u a t i o n  (3 .11)  a r e  s u b s t i t u t e d  i n t o  
t h e s e  e q u a t i o n s  f o r  t h e  k ' s ,  one can  s o l v e  f o r  B 1  and 
2 
o I S  i n  t e rms  of B L f  hi , and ni. R e s u l t s  f o r  t h e  a ' s  
a r e  g i v e n  f o r  l o o p s  of o r d e r  1 t o  4 i n  t h e  second l i n e  
15 of e q u a t i o n s  f o r  e a c h  l o o p  o r d e r  i n  T a b l e  3-2. To t i e  
i n  wi th  t r a d i t i o n a l  p a r a m e t e r s ,  t h e  a ' s  a r e  a l s o  g i v e n  
i n  te rms  of  r ,  k ,  and a  i n  t h e  t h i r d  l i n e  i n  Tab le  3-2. 
A g r a p h i c a l  mapping between t h e  new p a r a m e t e r s  and 
t r a d i t i o n a l  p a r a m e t e r s  is p r e s e n t e d  i n  FIGS. 2 ,  3 ,  and 
2 0 4 f o r  second- ,  t h i r d -  and f o u r t h - o r d e r  l o o p s ,  
r e s p e c t i v e l y .  For r e f e r e n c e ,  p l o t s  of t h e  t r a n s f e r  
f u n c t i o n s  f o r  l o o p s  of o r d e r  1 t o  4 a r e  p r e s e n t e d  i n  
FIG. 5 f o r  v a r i o u s  v a l u e s  of h and n:. i 
Since  t h e  t r a n s i e n t  r e s p o n s e  of a  l o o p  is 
c h a r a c t e r i z e d  by t h e  s o l u t i o n  E q u a t i o n  (3 .12)  t o  t h e  
homogeneous e q u a t i o n ,  knowledge of r o o t  l o c a t i o n s  
p r o v i d e s  a  b a s i s  f o r  p r e d i c t i n g  t r a n s i e n t  behav io r  and 
s e t t l i n g  t ime .  Because t h e  TI; and Ai v a l u e s ,  a long  
w i t h  t h e  l o o p  bandwidth ,  c o m p l e t e l y  s p e c i f y  t h e  r o o t s  
by l o c a t i o n  i n  t h e  complex p l a n e ,  l o o p  t r a n s i e n t  
r e s p o n s e  is d i r e c t l y  s e l e c t e d  a t  t h e  o u t s e t  when t h e  
new l o o p  p a r a m e t e r s  a r e  chosen .  For l o o p s  of f i r s t  t o  
f o u r t h  o r d e r s ,  T a b l e  3-3 p r e s e n t s  l o o p  c o n s t a n t s  f o r  
two l i k e l y  i m p l e m e n t a t i o n s :  a )  s t a n d a r d  underdamping,  
where a l l  r o o t s  have t h e  same decay  time ( a l l  A i  = 1) 
2 
and a l l  ni= -1 and b )  s u p e r c r  i t i c a l  damping, where  a l l  
r o o t s  have t h e  same decay  t ime and a r e  c r i t i c a l l y  
damped ( a l l  n; = 0) . For compar i s o n ,  T a b l e  3-3 a l s o  
p r e s e n t s  t h e  co r r e spond  ing  c o n v e n t i o n a l  p a r a m e t e r s .  
3 . 2 . 4  DETAILED DERIVATION FOR A FOURTH-ORDER DPLL 
To i l l u s t r a t e  t h e  method h e r e o f ,  a  f o u r  t h - o r d e r  l o o p  
w i l l  be t r e a t e d  i n  d e t a i l .  A s  i n d i c a t e d  by Equa t ion  
(3 -16) , t h e  r o o t s  f o r  a  f o u r t h - o r d e r  l o o p  a r e  e x p r e s s e d  
i n  t e r m s  of t h e  c o n t r o l l e d - r o o t  p a r a m e t e r s  a s  
Using E q u a t i o n s  (3.19) t h r o u g h  (3 .22)  and E q u a t i o n  
(3 .23)  , we can  w r i t e :  
Kl = -(3l 3 - 8 3  + a 3  + 8 4 )  
= (2 + ZX2)/31 (3 -24) 
K2 = S182 + 8183 -k 8184  + 3283 f 8284 f 8384 
= ( 4 x 2  + (1 - rl:) + ~ : ( l -  t):))~: (3.25) 
6s = -(alsnss + ~ 1 8 2 8 4  + 818384  + 828384) 
= ( 2 1 2 ( 1  - rl:) + 2x:(1 - rl:))~:  (3.26) 
K4 = 81825384 
2 4 
= 1% - v:) (1 - rl2)/31 (3.27) 
E q u a t i o n  (3.24) c a n  be used t o  e x p r e s s  B 1  i n  t e r m s  of 
T h i s  e x p r e s s i o n  and E q u a t i o n  (3.11) c a n  be s u b s t i t u t e d  
i n  E q u a t i o n s  (3 .25)  t o  (3 .27)  and t h e  t h r e e  r e s u l t i n g  
e q u a t i o n s  can  be s o l v e d  f o r  t h e  a ' s  t o  g i v e  
A n a l y t i c a l  e v a l u a t i o n  of t h e  l o o p  bandwidth i n t e g r a l  i n  
E q u a t i o n  (3 .10)  g i v e s  l o o p  bandwidth i n  terms of t h e  
k ' s :  
S u b s t i t u t i o n  of E q u a t i o n  (3 .11)  i n t o  t h i s  e x p r e s s i o n  
a l l o w s  a  s o l u t i o n  f o r  k l  i n  t e r m s  of BL and t h e  a ' s :  
Note t h a t  t h i s  e q u a t i o n  i n  c o m b i n a t i o n  w i t h  E q u a t i o n  
(3 .28)  shows t h a t  B 1  is p r o p o r t i o n a l  t o  BL. 
2 2 Thus, i f  Q , h 2  , and TI, a r e  s p c i f  i e d ,  one can  
c a l c u l a t e  t h e  a ' s  u s i n g  E q u a t i o n s  (3 .20)  t o  (3 .31)  . 
These v a l u e s  of ai can  t h e n  be s u b s t i t u t e d  i n  E q u a t i o n  
(3.33) a l o n g  w i t h  BL t o  o b t a i n  a  v a l u e  f o r  k l .  T h i s  
v a l u e  f o r  k l  , a l o n g  wi th  t h e  a ' s ,  l e a d  t o  v a l u e s  f o r  
k 2 ,  k 3  , and k,, t h r o u g h  E q u a t i o n  ( 3  1 )  . A s  shown i n  
E q u a t i o n  (3 .3)  and l i s t e d  i n  T a b l e  3-2, t h e  k ' s  a r e  
m u l t i p l i e d  by an a p p r o p r i a t e  power of T t o  o b t a i n  t h e  
K ' s  t o  be used i n  t h e  l o o p  f i l t e r .  I n  t h i s  manner,  t h e  
l o o p  c o n s t a n t s  f o r  a  f o u r t h - o r d e r  l o o p  ( i n  t h e  l i m i t  
T-, 0 )  can  be c a l c u l a t e d  i n  t e rms  of l o o p  bandwidth and 
2 t h e  c o n t r o l l e d - r o o t  p a r a m e t e r s  q i  and h i .  
3.3 LOOPS W I T H  DISCRETE UPDATE INTERVALS 
3 .3 .1  LOOP EQUATION 
A l o o p  w i t h  phase and p h a s e - r a t e  f eedback  and 
immediate  u p d a t e s  w i l l  be ana lyzed  i n  t h e  t e x t  w h i l e  
Appendix B summarizes d i f f e r e n c e s  found i n  t h e  a n a l y s i s  
of l o o p s  w i t h  a  c o m p u t a t i o n  d e l a y  of one u p d a t e  
i n t e r v a l .  Equa t ion  (2 .1 )  can  be used t o  r e w r i t e  
E q u a t i o n  (3 .1)  i n  t e r m s  of t h e  model phase  and s i g n a l  
phase : 
where t h e  o p e r a t o r  A is d e f i n e d  by 
and where  E q u a t i o n  (2 .2)  has  been used t o  r e p l a c e  
. 
e s t i m a t e d  phase r a t e  +,,n+l T w i t h  A$m,n+l , under  t h e  
a s sumpt ion  t h a t  t h e  NCO is updated w i t h  bo th  phase  and 
phase  r a t e .  To c o n v e r t  Equa t ion  (3 .34)  t o  a  d i f f e r e n c e  
e q u a t i o n ,  a p p l y  t h e  A o p e r a t o r  ( N  - 1) t i m e s :  
where N is the  l oop  o r d e r .  I n  analogy w i t h  Equation 
( 3 . 6 )  , s o l u t i o n  of t h  is d i f f e r e n c e  equa t ion  w i l l  g ive  
the  behavior of model phase g m  in response t o  s i g n a l  
phase + . 
3 . 3 . 2  TRANSFER FUNCTION 
To f ind  the  frequency response of the  loop,  t ake  the  
z-transform of both s i d e s  of Equation ( 3 . 3 6 )  t o  ob ta in  
where and a a r e  t he  z- t ransforms of $m,n and On , 
r e s p e c t i v e l y .  To reach t h i s  exp re s s ion ,  we have used 
the  r e l a t i o n s  
I N  Z { h N  zn) = (1 - i ) 
~ { z , )  
and 
Z{zn+l) = Z{zn)  
where Z { )  r e p r e s e n t s  a  z - t r a n s f o r m .  S i n c e  t h e  c l o s e d -  
l o o p  t r a n s f e r  f u n c t i o n  is d e f i n e d  by 
8,(z) = Z(z) B(z) (3.40) 
5 we f i n d  t h a t  E q u a t i o n  ( 3 . 3 7 )  y i e l d s  t h e  e x p r e s s i o n  
where 
The f r e q u e n c y  r e s p o n s e  of t h e  l o o p  is o b t a i n e d  by 
s u b s t i t u t i n g  
i n  E q u a t i o n  ( 3 . 4 1 )  where v is t h e  f r e q u e n c y  i n  Hz. 
P l o t s  of t h e  t r a n s f e r  f u n c t i o n  f o r  v a r i o u s  l o o p  
i m p l e m e n t a t i o n s  a r e  p r e s e n t e d  i n  FIGS. 7-10.  
3 3 . 3  LOOP-NOISE BANDWIDTH 
I n  a n a l o g y  w i t h  E q u a t i o n  ( 3  . l o )  , t h e  s i n g l e - s i d e d  
n o i s e  b a n d w i d t h  f o r  t h e  c l o s e d  l o o p  is  d e f i n e d  by 
w h i c h  c a n  b e  r e w r i t t e n  as a c o n t o u r  i n t e g r a l  i n  t h e  
f o r m  
w h e r e  t h e  c l o s e d  pa th  is  a l o n g  t h e  u n i t  c i r c l e .  T h i s  
i n t e g r a l  c a n  b e  c o m p u t e d  o n  t h e  b a s i s  o f  r e s i d u e s  
15 w i t h i n  t h e  u n i t  c i r c l e  t o  o b t a i n  BLT as  a  f u n c t i o n  o f  
t h e  p o l e s  o f  t h e  i n t e g r a n d .  F o r  s i m p l e  p o l e s ,  t h e  
i n t e g r a l  is g i v e n  by 
20 w h e r e  t h e  zi a re  p o l e s  o f  t h e  i n t e g r a n d  w i t h i n  t h e  u n i t  
c i r c l e .  ( F o r  cases w i t h  p o l e s  of  o r d e r  g r e a t e r  t h a t  
f i r s t ,  t h e  r e s i d u e  e v a l u a t i o n  m u s t  b e  a p p r o p r i a t e l y  
m o d i f i e d . )  
A s  s e e n  i n  E q u a t i o n  (3.41) , t h e  p o l e s  of ~ ( z )  a r e  t h e  
r o o t s  of t h e  po lynomina l  D ( z )  i n  t h e  denomina to r  of 
i ( z )  and t h e r e f  o r e  s a t i s f y  t h e  c h a r a c t e r i s t i c  e q u a t i o n  
L e t  t h e  N r o o t s  of t h i s  po lynomina l  be  z i  s o  t h a t  t h i s  
e q u a t i o n  c a n  a l s o  be  w r i t t e n  a s  
10 S i n c e  t h e  N r o o t s  of D ( z )  must a l l  l i e  w i t h i n  t h e  u n i t  
c i rc le  i f  t h e  l o o p  is  t o  be  s t a b l e  (see n e x t  
s u b s e c t i o n )  , a l l  p o l e s  of ?l(z-1 ) w i l l  l i e  o u t s i d e  t h e  
u n i t  c i r c l e  and w i l l  n o t  c o n t r i b u t e  t o  t h e  c o n t o u r  
i n t e g r a l .  F u r t h e r m o r e ,  one  can  e a s i l y  show t h a t  t h e  
15 r e s i d u e  f o r  t h e  p o l e  a t  z  = 0 is z e r o  s i n c e  ~ ( 2 - l  ) + 0 
a s  z  + 0. Thus t h e  c o n t o u r  i n t e g r a l  c a n  be e v a l u a t e d  
i n  a  s t r a i g h t f o r w a r d  though  a l g e b r a i c a l l y  t e d i o u s  
f a s h i o n  on  t h e  b a s i s  of t h e  N p o l e s  o f  ~ ( z ) .  The 
r e s u l t i n g  e x p r e s s i o n s  f o r  B T a s  a  f u n c t i o n  of t h e  L 
20 r o o t s  zi a r e  l e n g t h y  and u n i n f o r m a t i v e ,  p a r t i c u l a r l y  
f o r  t h e  h i g h e r - o r d e r  l o o p s ,  and w i l l  n o t  be p r e s e n t e d  
h e r e .  
3 . 3 . 4  LOOP CONSTANTS FRCflI LOOP ROOTS 
To o b t a i n  t h e  r e l a t i o n s h i p  between t h e  r o o t s  and t h e  
l o o p  c o n s t a n t s ,  f i r s t  c o l l e c t  t e r m s  a c c o r d i n g  t o  t h e  
power of z i n  E q u a t i o n s  ( 3 . 4 7 )  and ( 3 . 4 8 )  . When t h e  
c o e f f i c i e n t s  of l i k e  powers of z a r e  e q u a t e d ,  one 
o b t a i n s  N e q u a t i o n s  r e l a t i n g  r o o t s  and l o o p  c o n s t a n t s :  
where ( ) is t h e  b inomia l  c o e f f i c i e n t .  T h e s e  N 
e q u a t i o n s  can be used t o  s o l v e  f o r  e a c h  of t h e  N l o o p  
c o n s t a n t s  i n  terms of t h e  N r o o t s ,  zi. F i r s t  s o l v e  
Equa t ion  ( 3 . 5 3 )  f o r  K1. The r e s u l t  can  t h e n  be 
s u b s t i t u t e d  i n  E q u a t i o n  ( 3 . 5 2 )  t o  a l l o w  a  s o l u t i o n  f o r  
K, i n  t e r m s  of t h e  zi. Proceed ing  s e q u e n t i a l l y  in  t h i s  
manner t h rough  t h e  r e s t  of t h e  e q u a t i o n ,  one can  o b t a i n  
an e x p r e s s i o n  f o r  e a c h  l o o p  c o n s t a n t  i n  t e rm of t h e  
r o o t s .  Thus,  i f  t h e  r o o t s  a r e  known, t h e  l o o p  
c o n s t a n t s  can  be c a l c u l a t e d .  
When t h e  c o n t o u r  i n t e g r a l  f o r  BLT is e v a l u a t e d  a s  a  
f u n c t i o n  of r o o t s  f o r  a  g i v e n  l o o p  o r d e r ,  t h e  r e s u l t  
can  be r educed  t o  a  fo rm t h a t  c o n t a i n s  o n l y  t h e  
f u n c t i o n s  of zi found o n  t h e  l e f t - h a n d  s i d e  of 
E q u a t i o n s  ( 3 . 4 9 )  t o  ( 3 . 5 3 )  . When t h i s  fo rm is r e a c h e d ,  
BLT c a n  t h e n  be e a s i l y  e x p r e s s e d  a s  a  f u n c t i o n  of o n l y  
t h e  l o o p  c o n s t a n t s .  The r e s u l t s  a r e  p r e s e n t e d  i n  T a b l e  
3-4  f o r  l o o p s  of o r d e r  one t o  f o u r .  
3 . 3  5 SOLUTION TO HOMOGENEOUS EQUATION 
S o l u t i o n s  t o  t h e  homogeneous form of E q u a t i o n  ( 3 . 3 6 )  
p r o v i d e  i n f o r m a t i o n  a s  t o  t h e  t r a n s i e n t  behav io r  an 
s t a b i l i t y  of t h e  l o o p .  T h e  g e n e r a l  n o n - d e g e n e r a t e  
s o l u t i o n  t o  t h e  homogeneous e q u a t i o n  is  g i v e n  by 
where  t h e  N a m p l i t u d e s  a i  a r e  t o  be  d e t e r m i n e d  f rom 
i n i t i a l  c o n d i t i o n s  and where  t h e  N complex numbers zi 
a r e  a g a i n  t h e  r o o t s  of t h e  po lynomina l  D ( z )  i n  E q u a t i o n  
( 3 . 4 7 )  . (To s e e  t h a t  t h e s e  r o o t s  p r o v i d e  s o l u t i o n s  t o  
t h e  homogeneous e q u a t i o n ,  s u b s  t i  t u t e  4 = z n  i n  t h e  
m,n 
l e f t - h a n d  s i d e  of E q u a t i o n  ( 3 . 3 6 )  , where t h e  r i g h t - s i d e  
s e t  e q u a l  t o  z e r o ,  and r e d u c e  t o  t h e  form of E q u a t i o n  
( 3 . 4 7 )  .) Thus,  t h e  r o o t s  from t h e  homogeneous e q u a t i o n  
a r e  a l s o  t h e  p o l e s  of t h e  t r a n s f e r  f u n c t i o n .  I n  o r d e r  
. f o r  t h e  l o o p  t o  be s t a b l e ,  t h e  l o o p  c o n s t a n t s  K i  must 
be s e t  t o  v a l u e s  t h a t  c a u s e  a l l  t h e  r o o t s  t o  f a l l  
w i t h i n  t h e  u n i t  c i r c l e .  With a modulus l e s s  t h a n  1, a 
r o o t  c a n n o t  c a u s e  t h e  homogeneous s o l u t i o n  i n  E q u a t i o n  
( 3 . 5 4 )  t o  d i v e r g e .  
Loop p a r a m e t e r i z a t i o n  i n  t h e  c a s e  of d i s c r e t e  u p d a t e s  
i n t e r v a l  p a r a l l e l s  S e c t i o n  3 . 2 . 3  f o r  t h e  CU l i m i t .  
Loop n o i s e  bandwidth BL and t h e  same r o o t - l o c a t i o n  
pa rame te r s  a r e  adop ted  a s  i n d e p e n d e n t  l o o p  p a r a m e t e r s .  
The r o o t s  w i l l  be  p a r a m e t e r i z e d  i n  t h e  form 
where hi and ni a r e  t h e  N - 1 i n d e p e n d e n t  p a r a m e t e r s  
s p e c i f i e d  i n  S e c t i o n  3 . 2 . 3 ,  wi th  X 1 -  1. These 
p a r a m e t e r s  and " n o r m a l i z e d "  l o o p  bandwidth B L T  w i l l  
comprise  t h e  N i n d e p e n d e n t  l o o p  p a r a m e t e r s  needed t o  
c o m p l e t e l y  s p e c i f y  t h e  l o o p .  
I n  E q u a t i o n  (3 .55)  , t h e  r e f e r e n c e  d e c a y - r a t e  
p a r a m e t e r  f i L  , which w i l l  be r e p r e s e n t e d  i n  t h e  
n o r m a l i z e d ,  d i m e n s i o n l e s s  fo rm B I T  i n  t h e  DU c a s e ,  must  
be d e t e r m i n e d  a s  a  f u n c t i o n  of t h e s e  N p a r a m e t e r s .  I n  
t h e  CU l i m i t ,  d e t e r m i n a t i o n  of B 1  i n  t e r m s  of B L ,  X i  
and n i t  c o u l d  be c a r r i e d  o u t  e x p l i c i t l y ,  a s  shown i n  
S e c t i o n  3.2.3.  For DU l o o p s ,  however ,  t h e  c o m p l e x i t y  
of t h e  e q u a t i o n s  makes a  c l o s e d - f o r m  s o l u t i o n  i n  t h e  
g e n e r a l  c a s e  i m p r a c t i c a l .  Thus,  a  n u m e r i c a l  s o l u t i o n  
has  been c a r r i e d  o u t  by f i r s t  s e l e c t i n g  a  v a l u e  f o r  B 1  T 
and t h e  N - 1 i n d e p e n d e n t  p a r a m e t e r s ,  x i  and nit and 
t h e n  comput ing  n u m e r i c a l  v a l u e s  f o r  t h e  N r o o t s  zi 
t h rough  use  of E q u a t i o n  (3 .55)  . The r e s u l t i n g  z i  
v a l u e s  c a n  be used t o  compute  t h e  no rma l i zed  l o o p  
bandwidth ,  BLT, a s  shown i n  S e c t i o n  3 .3 .3 ,  and t h e  l o o p  
c o n s t a n t s ,  a s  shown i n  S e c t i o n  3 .3 .4 .  Repea t ing  t h e  
p r o c e s s  i n  t h i s  f a s h i o n  on t h e  b a s i s  of t h e  same x i  
and ni v a l u e s ,  one c a n  v a r y  t h e  p a r a m e t e r  B1 T  
n u m e r i c a l l y  t o  o b t a i n  BLT and t h e  l o o p  c o n s t a n t s  a s  a  
f u n c t i o n  of BIT. 
I n  g e n e r a l ,  BLT i n c r e a s e s  a s  B1 T i n c r e a s e s  f rom z e r o  
but  can go no h i g h e r  t han  a  l o o p - s p e c i f i c  maximum 
v a l u e .  P l o t s  of BLT v e r s u s  BIT a r e  shown i n  FIGs. 6a 
and 6b f o r  two s u ~ e r c r  i t i c a l l y - d a m p e d  t h  i r d - o r d e r  l o o p s  
w i t h  phase and p h a s e - r a t e  u p d a t e ,  one w i t h  a  
compu ta t ion  d e l a y  of z e r o ,  t h e  o t h e r  w i t h  a  c o m p u t a t i o n  
d e l a y  e q u a l  t o  one  u p d a t e  i n t e r v a l .  I n  t h e  z e r o -  
compu ta t ion  d e l a y  c a s e ,  BLT can  g e t  no  h i g h e r  than  9 . 5 ,  
w h i c h  c o r r e s p o n d s  t o  a  BIT  v a l u e  of +- . I n  t h e  o t h e r  
c a s e ,  BLT r e a c h e s  a peak a t  B IT  = - l n ( 3 / 4 )  a s  BIT 
i n c r e a s e s ,  wher.e BLT 0 .3  is t h e  maximum a t t a i n a b l e  
v a l u e  . 
For a  g i v e n  BLT,  t h e r e f o r e ,  one can  f i n d  t h e  
c o r r e s p o n d i n g  BIT, i f  any ,  and t h e  c o r r e s p o n d i n g  l o o p  
c o n s t a n t s  on t h e  b a s i s  of t h e  a n a l y s i s  o u t l i n e d  above.  
Thus,  l o o p  c o n s t a n t s  c a n  be d e t e r m i n e d  f o r  g i v e n  A i  
and oi a s  a  f u n c t i o n  of BLT. R e s u l t s  a r e  p r e s e n t e d  i n  
Tab le s  3-5 and 3-6 f o r  l o o p s  of o r d e r  one  t o  f o u r ,  
g iven  phase and p h a s e - r a t e  f e e d b a c k ,  s u p e r c r  i t i c a l  
damping and s t a n d a r d  underdamping. Once B1 and t h e  
l o o p  r o o t s  a r e  known, t h e  t r a n s f e r  f u n c t i o n  c a n  be 
computed on t h e  b a s i s  of E q u a t i o n  ( 3 . 4 1 )  . R e s u l t s  a r e  
p l o t t e d  i n  FIGs. 7a and 7b t h r o u g h  FIGs. 1 0 a  and l o b  
f o r  t h e  two s t a n d a r d  l o o p  c o n f i g u r a t i o n s .  
Even though a  g e n e r a l  s o l u t i o n  t o  t h e  DU l o o p  has  n o t  
been o b t a i n e d ,  t h e  e q u a t i o n s  can  be expanded a s  a  power 
s e r i e s  i n  BLT t o  o b t a i n  t h e  h i g h e r - o r d e r  t e r m s  r e l a t i v e  
t o  t h e  CU l i m i t .  R e s u l t s  a r e  p r e s e n t e d  i n  Tab le  3-7  
and 3-8 f o r  t h e  l o o p  c o n s t a n t s  a s  a  power s e r i e s  i n  B L T  
f o r  t h e  s t a n d a r d  l o o p s .  
3 . 4  EXAMPLE OF STRAYING ROOTS AT LARGE B T  VALUES 
I N  THE CONTINUOUS-UPDATE APPROXIMATION 
A s  BLT i n c r e a s e s  i n  t h e  CU a p p r o x i m a t i o n  f o r  l o o p  
c o n s t a n t s  (e .g . ,  T a b l e  3 - 3 )  , t h e  p a t h  of t h e  l o o p  r o o t s  
can s t r a y  from t h e i r  o r i g i n a l  i n t e n d e d  c o u r s e  and t r u e  
l o o p  n o i s e  bandwidth can  exceed t h e  B L  p a r a m e t e r  v a l u e  
used t o  compute t h e  l o o p  c o n s t a n t s .  T h i s  d e v i a t i o n  is  
i l l u s t r a t e d  i n  both t h e  ST-plane and z -p l ane  i n  FIGS. 
l l a  and l l b  f o r  a  second-order  DU l o o p  w i t h  phase and 
p h a s e - r a t e  f eedback ,  s t a n d a r d  underdamping,  and no 
compu ta t ion  d e l a y .  The t h i c k  s t r a i g h t  l i n e s ,  which a r e  
based on t h e  e x a c t  DU s o l u t i o n  p r e s e n t e d  i n  p r e c e d i n g  
s u b s e c t i o n s ,  show t h e  p a t h s  t a k e n  by s t a n d a r d -  
underdamped r o o t s  a s  ( t r u e )  BLT i n c r e a s e s  from 0 t o  
1 . 4 .  The t h i n  cu rved  l i n e s ,  which a r e  produced by t h e  
CU a p p r o x i m a t i o n ,  f o l l o w  t h e  DU l i n e s  u n t i l  about  
BLT = 0 . 1  and  t h e n  c u r v e  t o w a r d  t h e  rea l  a x i s .  ( N o t e  
t h a t  t h e  C U - a p p r o x i m a t i o n  c u r v e s  a r e  marked  by b o t h  
t r u e  BLT v a l u e s  and  " p a r a m e t e r "  BLT v a l u e s .  T r u e  BLT 
i s  t h e  a c t u a l  e f f e c t i v e  n o i s e  b a n d w i d t h  f o r  a DU l o o p ,  
w h i l e  " p a r a m e t e r "  BLT is  t h e  v a l u e  u s e d  t o  c o m p u t e  t h e  
l o o p  c o n s t a n t s  i n  T a b l e  3 - 3 . )  Where  t h e  c u r v e s  
s e p a r a t e ,  t h e  CU a p p r o x i m a t i o n  s t a r t s  t o  d i v e r g e  f r o m  
s t a n d a r d  u n d e r d a m p i n g  a n d  l o o p  t r a n s i e n t  r e s p o n s e  
c h a n g e s .  The i n s e t  p l o t  i l l u s t r a t e s  t h i s  d i v e r g e n c e  i n  
2 terms o f  t h e  c o r  r e s p o r d  i n g  d a m p i n g  p a r a m e t e r  rl , w h i c h  
s t a r t s  a t  t h e  i n t e n d e d  u n d e r d a m p e d  v a l u e  of -1 a t  
BLT = 0 ,  i n c r e a s e s  t o  a  c r  i t i c a l l y - d a m p e d  v a l u e  o f  0 
a t  t r u e  BLT = 0 . 8 ,  and  t h e n  a p p r o a c h e s  + 1  a t  t r u e  
BLT k: 1 . 2 .  T h u s ,  l o o p  r e s p o n s e  a t  h i g h  BLT v a l u e s  w i l l  
n o t  m a t c h  o r i g i n a l  i n t e n d e d  r e s p o n s e .  I n  c o n t r a s t ,  as 
i n d i c a t e d  by t h e  t h i c k  l i n e s ,  t h e  DU e x a c t  s o l u t i o n  
L 
m a i n t a i n s  s t a n d a r d  u n d e r d a m p i n g  ( i . e . ,  rli = -1) f o r  
a l l o w e d  v a l u e s  of BLT. 
4.0 TRANSIENT-FREE ACQUISITION W I T H  DPLLS 
I f  t h e  s i g n a l  phase  and i t s  t ime d e r i v a t i v e s  a r e  
a c c u r a t e l y  known a t  s t a r t - u p ,  it is p o s s i b l e  t o  
i n i t i a l i z e  t h e  l o o p  sums and l o o p  phase  s o  t h a t  t h e  
l o o p  s t a r t s  t r a c k i n g  i n - l o c k ,  w i t h  no t r a n s i e n t s .  I n  
s t e a d y - s t a t e  t r a c k i n g ,  r e s i d u a l  phase  becomes a  
c o n s t a n t  ( 6 4 1 ~  = 64IS8 ) s o  t h a t  E q u a t i o n  ( 3  .l) or 
Equa t ion  ( 3 . 2 )  becomes (4.1) 
10 n-n, n-n, i n-n, i j 
f o r  up  t o  a  f o u r t h - o r d e r  l o o p .  The q u a n t i t y  n ,  is t h e  
compu ta t ion  d e l a y ,  which is z e r o  or  one u p d a t e  i n t e r v a l  
f o r  t h e  p r e s e n t  a n a l y s i s .  Note t h a t  e s t i m a t e d  model 
phase r a t e t  4 1 m , n + l  T has  been r e p l a c e d  by d i f f e r e n c e d  
i n p u t  phase  s i n c e  model phase  t r a c k s  i n p u t  phase  
e x a c t l y ,  e x c e p t  f o r  a  c o n s t a n t  of f s e t ,  i n  s t e a d y - s t a t e  
t r a c k i n g .  Based on t h i s  e x p r e s s i o n ,  h i g h e r - o r d e r  
d i f f e r e n c e s  become 
n-n, n-n, i 
One c a n  e a s i l y  show t h e  d i f f e r e n c e s  a r e  r e l a t ed  t o  
i n p u t  p h a s e  v a l u e s  by 
w h e r e  e a c h  p h a s e  v a l u e  is  r e f e r e n c e d .  t o  i n t e r v a l  
c e n t e r .  We c a n  r e l a t e  t h e s e  p h a s e  v a l u e s  t o  
d e r i v a t i v e s  o f  i n c o m i n g  s i g n a l  p h a s e  4(i) by means  o f  a 
T a y l o r  e x p a n s i o n  whose  o r i g i n  is  t h e  c e n t e r  o f  t h e  n th  
i n t e r v a l  ( t  = t,) : 
T h i s  e x p a n s i o n  s h o w s  t h a t  p h a s e  a t  t h e  c e n t e r  of t h e  
n e a r b y  i n t e r v a l s  is g i v e n  by 
w h e r e  T  is t h e  s e p a r a t i o n  b e t w e e n  i n t e r v a l s  ( " u p d a t e  
i n t e r v a l " )  . By s u b s t i t u t i n g  E q u a t i o n s  ( 4 . 1 0 )  t h r o u g h  
( 4 . 1 4 )  i n  E q u a t i o n s  ( 4 . 5 )  t h r o u g h  ( 4 . 8 ) ,  o n e  c a n  e a s i l y  
show t h e  p h a s e  d i f f e r e n c e s  a r e  r e l a t e d  t o  i n p u t  p h a s e  
d e r i v a t i v e s  by 
By r e s p e c t i v e l y  e q u a t i n g  E q u a t i o n s  (4 .15)  t h r o u g h  
( 4 . 1 8 )  w i t h  E q u a t i o n s  ( 4 . 1 )  t h r o u g h  ( 4 . 4 ) ,  o n e  o b t a i n s  
a s e t  o f  e q u a t i o n s  whose  number is  e q u a l  t o  t h e  number 
o f  unknowns ,  w h e r e  t h e  unknowns  a r e  6 4 s s  and  t h e  l o o p  
sums.  T h u s ,  t h e s e  unknowns  c a n  b e  e x p r e s s e d  i n  terms 
o f  t h e  d e r i v a t i v e s  o f  i n p u t  p h a s e .  
To c o m p l e t e  i n i t i a l i z a t i o n  o f  t h e  l o o p ,  a n  estimate 
of  s t a r t i n g  mode l  p h a s e  m u s t  be  c o m p u t e d .  To b e  e x a c t ,  
t h i s  es t imate m u s t  a c c o u n t  f o r  s t e a d y - s t a t e  p h a s e  
e r r o r .  F o r  a n  a r c t a n g e n t  p h a s e  e x t r a c t o r ,  t r a c k i n g  
e r r o r  is e q u a l  t o  r e s i d u a l  p h a s e  ( n e g l e c t i n g  sys t e rn -  
n o i s e  e r r o r  and  p o s s i b l e  c y c l e  a m b i g u i t i e s )  . For  a  
s i n e  phase  e x t r a c t o r ,  however ,  s t e a d y - s t a t e  t r a c k i n g  
e r r o r  becomes 
where  phase  is measured i n  c y c l e s .  Thus,  model phase  
f o r  t h e  n th  i n t e r v a l ,  af  t e r  a c c o u n t i n g  f o r  t r a c k i n g  
e r r o r ,  is g i v e n  by 
(4.20) 
9 n  - 648, for an arctan extractor 
4m.n = { +n - arcsin(2a 6+,,)/2~ for a sine extractor 
where phase  is measured i n  c y c l e s .  
The s o l u t i o n  f o r  a  f o u r t h - o r d e r  l o o p  w i l l  be  
p r e s e n t e d  i n  d e t a i l .  I f  we assume t h a t  t ime  
d e r i v a t i v e s  of +(t) a r e  n e g l i g i b l e  above  +A4)  , and 
e q u a t e  E q u a t i o n s  (4.18) and ( 4 . 4 ) ,  we o b t a i n  a  v a l u e  
f o r  s t e a d y - s t a t e  r e s i d u a l  phase  f o r  a  f o u r  t h - o r d e r  
1 oop : 
The l o o p  sums a r e  d e t e r m i n e d  i n  a  s i m i l a r  f a s h i o n .  By 
e q u a t i n g  E q u a t i o n s  (4 .3)  and ( 4 . 1 7 ) ,  one c a n  s o l v e  f o r  
t h e  s i n g l e  sum: 
n-n, 
1 C 66i = -(T 4, T4 
Kc "' - 3-4;' - iCJ64,,) i= l
S i m i l a r l y ,  t h e  d o u b l e  sum is  d e t e r m i n e d  by e q u a t i n g  
E q u a t i o n s  (4 .2 )  and (4 .16)  : 
n-no i  T4 n-n, 2 (2) C C 6 4 j = g ( T  4 .  + i ; i 4 t ) - K 2 6 $ a . - K 3  C 6 4 i )  
i=1 j=1 i= 1 
w h e r e  t h e  s i n g l e  sum is known f r o m  E q u a t i o n  ( 4 . 2 2 ) .  
F i n a l l y ,  t h e  t r i p l e  sum is d e t e r m i n e d  by e q u a t i n g  
E q u a t i o n s  (4 .1 )  and  (4 .15)  : 
n-n, n-n, i 
w h e r e  t h e  s i n g l e  and doub,le  sums a r e  d e t e r m i n e d  by 
means o f  E q u a t i o n s  (4 .22)  and (4 .23)  . Thus ,  i f  a 
p r i o r  i v a l u e s  o f  s i g n a l  p h a s e  and i t s  d e r i v a t i v e s  a re  
a v a i l a b l e  a t  t h e  s t a r t  of a  t r a c k ,  a l l  o f  t h e  l o o p  
v a r i a b l e s  c a n  b e  i n i t i a l i z e d  t h r o u g h  u s e  of E q u a t i o n s  
(4 .20)  t h r o u g h  ( 4 . 2 4 ) .  I f  t h e  a p r i o r i  i n f o r m a t i o n  is 
s u f f i c i e n t l y  a c c u r a t e ,  t h e  l o o p  w i l l  s t a r t  t r a c k i n g  i n -  
l o c k ,  w i t h  n o  t r a n s i e n t s .  
Based o n  t h e s e  e q u a t i o n s  f o r  l o o p  sums and model  
p h a s e ,  t h e  l o o p  c a n  b e  i n i t i a l i z e d  as f o l l o w s .  Suppose  
a  p r i o r  i estimates of s i g n a l  p h a s e  and i t s  d e r i v a t i v e s  
f o r  a phantom " n t h  i n t e r v a l "  a t  time t, a re  a v a i l a b l e .  
Then E q u a t i o n s  (4 .22)  t h r o u g h  ( 4 . 2 4 )  c a n  ' p r o v i d e  
estimates f o r  l o o p  sums a t  i n t e r v a l  " c o m p l e t i o n " ,  w h i l e  
E q u a t i o n  (4.20) p r o v i d e s  a n  estimate of model p h a s e  a t  
i n t e r v a l  c e n t e r ,  w i t h  s t e a d y - s t a t e  p h a s e  e r r o r  g i v e n  by 
E q u a t i o n  (4 .21)  . To p r o j e c t  a h e a d  t o  t h e  f i r s t  
i n t e r v a l  t o  b e  p r o c e s s e d ,  t h e  (n  + l)th , f i r s t  e s t i m a t e  
p h a s e  r a t e  a c c o r d i n g  t o  E q u a t i o n  (4 .1)  u s i n g  t h e s e  
e s t i m a t e s  f o r  l o o p  sums and s t e a d y - s t a t e  p h a s e  e r r o r .  
Model p h a s e  f o r  t h e  (n  + l)th i n t e r v a l  is t h e n  computed 
a c c o r d i n g  t o  E q u a t i o n  ( 2 . 2 )  on t h e  b a s i s  of  t h i s  
e s t i m a t e d  (n  + l)th p h a s e  r a t e  and n th  a  p r i o r  i s i g n a l  
p h a s e .  The r e s u l t i n g  v a l u e s  f o r  t h e  (n  + l)th p h a s e  
and r a t e  a re  t h e n  u s e d  t o  i n i t i a l i z e  t h e  NCO f o r  t h e  
( n  + l)th i n t e r v a l  i n  t h e  u s u a l  f a s h i o n .  A t  t h e  
c o m p l e t i o n  o f  t h e  (n  + l)th i n t e r v a l ,  sums a r e  u p d a t e d  
i n  t h e  s t a n d a r d  f a s h i o n  and s u b s t i t u t e d  i n  E q u a t i o n  
(3 .1)  of  E q u a t i o n  (3 .2)  t o  p r o v i d e  t h e  (n  + 2)th 
estimate of r a t e .  ( I f  n ,  = 1, t h e  e s t i m a t e d  s t e a d y -  
s t a t e  p h a s e  e r r o r  is u s e d  as r e s i d u a l  p h a s e  a 
s e c o n d  t ime).  E q u a t i o n  ( 2 . 2 )  t h e n  p r o v i d e s  a n  estimate 
o f  t h e  ( n  + 2)th model p h a s e .  Loop i t e r a t i o n  is n o r m a l  
a f t e r  t h i s  p o i n t ,  and s t e a d y - s t a t e  l o c k  s h o u l d  be  
a c h i e v e d .  
The above a n a l y s i s  ha s  f o c u s e d  on  a  f o u r t h - o r d e r  
l o o p .  S i m i l a r  a n a l y s i s  c a n  be c a r r i e d  o u t  f o r  l o o p s  of 
o r d e r  lower  t h a n  f o u r t h ,  and t h e  r e s u l t s  a r e  p r e s e n t e d  
i n  T a b l e  4-1. The p r e c e d i n g  d e r i v a t i o n  assumed a 
s i g n a l  w i t h  po lynomia l  phase  s o  t h a t  a  s t e a d y - s t a t e  
phase  e r r o r  would d e v e l o p .  Under l e s s  i d e a l  dynamics ,  
t h e  above  i n i t i a l i z a t i o n  p r o c e s s  w i l l  n o t  e l i m i n a t e  
t r a n s i e n t s  bu t  can  g r e a t l y  a s s i s t  d i r e c t  a c q u i s i t i o n  
w i t h  h i g h e r - o r d e r  l o o p s .  S i m i l a r l y ,  i f  t h e  d e r i v a t i v e s  
of s i g n a l  phase  a r e  known, b u t  phase  i s  n o t ,  t h e  l o o p s  
sums c a n  be i n i t i a l i z e d  u s i n g  E q u a t i o n s  (4 .22)  t o  
( 4 . 2 4 ) ,  w i t h  i n i t i a l  l o o p  phase  a r b i t r a r i l y  s e t  t o  
z e r o .  Again,  l o o p  a c q u i s i t i o n  w i l l  be g r e a t l y  
enhanced.  
5.0 TWO MEASURES OF LOOP PERFORMANCE 
5.1 MEAN TIME TO FIRST CYCLE SLIP 
S i m u l a t i o n s  have  been  c a r r i e d  o u t  t o  d e t e r m i n e  mean 
time t o  f i r s t  c y c l e  s l i p ,  ( Tls,) , f o r  l o o p s  w i t h  phase  
and p h a s e - r a t e  f e e d  back,  no c o m p u t a t i o n  d e l a y ,  
s u p e r c r i t i c a l  damping, and a  s i n e  phase  e x t r a c t o r  w i t h  
p e r f e c t  a m p l i t u d e  n o r m a l i z a t i o n .  t h e  t r a c k i n g - e r r o r  
c r i t e r i o n  f o r  d e t e c t i n g  a  c y c l e  s l i p  was 
1 )  - $ 1  > 0.75 c y c l e s .  A f t e r  e a c h  s l i p ,  t h e  l o o p  was 
r e i n i t i a l i z e d  w i t h  p e r f e c t  a  p r i o r i  s o  t h a t  i t  would 
s t a r t  o f f  i n  s t e a d y - s t a t e  l o c k  w i t h  no  t r a n s i e n t s .  A 
Gauss i an  random-number g e n e r a t o r  s i m u l a t e d  n o i s e  f o r  
t h e  c o u n t e r - r o t a t i o n  sums. 
Loops of 2nd t o  4th o r d e r  have been s i m u l a t e d  on t h e  
b a s i s  of t h e  l o o p  c o n s t a n t s  i n  T a b l e  3-5. Assumed 
v a l u e s  of BLT r anged  between 0.02 and 2.0 and l o o p  SNR 
between 0 and 6 dB. R e s u l t s  a r e  summarized i n  FIGs. 
1 2 a  and 12b. where  BL times mean time t o  f i r s t  c y c l e  
s l i p  is p l o t t e d  v e r s u s  l o o p  SNR. I n  terms of c y c l e  
s l i p s .  l o o p  pe r fo rmance  d e t e r i o r a t e s  somewhat a s  l o o p  
o r d e r  i n c r e a s e s ,  g i v e n  a  f i x e d  l o o p  SNR. For a  g i v e n  
l o o p  o r d e r  and l o o p  SNR, however,  c y c l e - s l i p  
per formance  improves a s  BLT i n c r e a s e s ,  a s  shown i n  
FIGS. 1 2 a  and 1 2 b  where  B L ( T  ) is p l o t t e d  v e r s u s  BLT 
1 st  
f o r  2nd t o  4th o r d e r  l o o p s .  g i v e n  a  l o o p  SNR of 7 dB. 
With a  3rd o r d e r  l o o p .  f o r  example,  FIGs. 1 3 a  and 13b 
i n d i c a t e s  t h a t  BL (TlSt  ) improves by two o r d e r s  of 
magni tude when BLT is i n c r e a s e d  from 0.02 t o  0.5. 
A s  a  t e s t  of t h e  s i m u l a t i o n  s o f t w a r e ,  t h e  c y c l e - s l i p  
c r i t e r i a  have been made t h e  same a s  V i t e r b i l s  c r i t e r i a  
i n  h i s  e x a c t  c l o s e d  form s o l u t i o n  (5)  f o r  a  f i r s t - o r d e r  
l o o p  i n  t h e  CU l i m i t .  To w i t h i n  a  s t a t i s t i c a l  e r r o r  of 
about l o % ,  our r e s u l t s  f o r  BL (Tlst  ) a g r e e  wi th  
V i t e r b i l s  t h e o r e t i c a l  p r e d i c t i o n s  up t o  SNRL = 4 dB, 
t h e  maximum l o o p  SNR a t t empted .  
5 . 2  STEADY-STATE PHASE ERROR 
Loop performance a t  l a r g e  v a l u e s  of BLT has a l s o  been 
a s s e s s e d  i n  terms of t h e  s t e a d y - s t a t e  phase e r r o r  
(SSPE) . I n  t h e  CU l i m i t ,  SSPE is  p r o p o r t i o n a l  t o  B ; ~  
f o r  an N~~ o r d e r  l o o p ,  a s  can be d e r i v e d  from Tables  
4 - 1  and 3-2. For l a r g e  v a l u e s  of BLT,  however, t h e  
SSPE i n  a  r o o t - c o n t r o l l e d  l o o p  does n o t  d e c r e a s e  a s  
B ; ~  a s  B i n c r e a s e s ,  a s  i l l u s t r a t e d  i n  FIGS. 1 3 a ,  13b,  
L 
14a  and 14b. FIGs. 1 3 a ,  13b, 14a  and 14b p l o t  a s  a 
f u n c t i o n  of BLT t h e  d i m e n s i o n l e s s  c o e f f i c i e n t  r e q u i r e d  
t o  m u l t i p l y  t h e  C U - l i m i t  form f o r  SSPE. These p l o t s  
p e r t a i n  t o  l o o p s  of o r d e r  1 t o  4 ,  wi th  phase and phase- 
r a t e  feedback,  with s u p e r c r i t i c a l  damping or s t a n d a r d  
underdamping, and wi th  t h e  ind i c a t e d  computa t ion  d e l a y .  
A t  BLT = 0 ,  t h e  c o e f f i c i e n t  is e q u a l  t o  t h e  C U - l i m i t  
v a l u e .  A s  BLT i n c r e a s e s ,  t h e  i n c r e a s e  i n  t h i s  
c o e f f i c i e n t  r e l a t i v e  t o  t h e  zero-BLT v a l u e  i s  a  measure  
of t h e  " e x c e s s "  SSPE r e l a t i v e  t o  t h e  nominal  CU-l imit  
v a l u e s .  A s  FIGs. 1 3 a  and 13b  i n d i c a t e s ,  f o r  example ,  
t h e  SSPE a t  BLT = 0.5 f o r  a  t h i r d - o r d e r ,  s t a n d a r d  
underdamped l o o p ,  is abou t  f o u r  times as l a r g e  a s  t h e  
CU l i m i t  would p r e d i c t .  
FIGs. 1 3 a ,  13b ,  1 4 a  and 14b  p l o t  e f f e c t i v e  l o o p  
10 bandwidth a s  d e t e r m i n e d  from SSPE, where  " e f f e c t i v e "  
d e n o t e s  t h e  d e c r e a s e  i n  bandwidth r e l a t i v e  t o  t h e  B: 
model. I n  FIGs. 1 3 a  and 13b ,  f o r  example ,  t h e  
e f f e c t i v e  bandwidth is abou t  0 .6  t i m e s  t h e  a c t u a l  l o o p  
bandwidth when BLT = 0.5 f o r  a  s econd-o rde r  l o o p .  
SUMMARY 
A f i r s t - p r  i n c i p l e s  a n a l y s i s  of DPLLs has  l e d  t o  a  new 
app roach  f o r  pararne t e r  i z i n g  l o o p s .  Loop c o n s t a n t s  a r e  
computed on t h e  b a s i s  of l o o p  n o i s e  bandwidth and new 
c o n t r o l l e d - r o o t  i n d e p e n d e n t  p a r a m e t e r s  t h a t  have  d i r e c t  
p h y s i c a l  s i g n i f i c a n c e  r e l a t i v e  t o  decay  times and 
damping. I n  t h e  c o n t i n u o u s - u p d a t e  l i m i t ,  l o o p  
c o n s t a n t s  of l o o p s  of f i r s t  t o  f o u r t h  o r d e r  a r e  
ob ta ined  i n  c l o s e d  form a s  a  f u n c t i o n  of t h e s e  new 
paramete r s .  I n  a  s o l u t i o n  f o r  a  d i s c r e t e - u p d a t e  (DU) 
loop,  however, complexi ty  of t h e  e q u a t i o n s  l e a d s  t o  a  
numer i c a l  approach.  The a n a l y s i s  has been a p p l i e d  t o  
l o o p s  wi th  phase and p h a s e - r a t e  feedback,  g iven  e i t h e r  
z e r o  computa t ion  d e l a y  or a  computa t ion  d e l a y  e q u a l  t o  
one upda te  i n t e r v a l .  W i t h  t h e  new p a r a m e t e r i z a t i o n ,  
e x a c t  s e l e c t i o n  of l o o p  bandwidth and damping behavior 
can be c a r r i e d  ou t  f o r  h igh  o r d e r  l o o p s ,  even when BLT 
is  l a r g e .  
A method f o r  d i r e c t ,  t r  a n s i e n t - f r  e e  a c q u i s i t i o n  has 
been p r e s e n t e d .  Given adequa te  a  p r i o r  i e s t i m a t e s  of 
phase and i ts  d e r i v a t i v e s ,  s t e a d y - s t a t e  s i g n a l  c l o c k  
can be ob ta ined  d i r e c t l y  with t h i r d -  and f o u r t h - o r d e r  
l o o p s  wi thou t  f i r s t  a c q u i r i n g  w i t h  lower-order  loops .  
S i m u l a t i o n s  of l o o p  behavior i n  t e rms  of mean time t o  
f i r s t  c y c l e  s l i p  have been c a r r i e d  ou t  f o r  l o o p s  of 
f i r s t  t o  f o u r t h  o r d e r  based on t h e  new 
p a r a m e t e r i z a t i o n ,  i n c l u d i n g  t h e  l a r g e r  v a l u e s  of BLT. 
For a  g iven  l o o p  bandwidth, l o o p s  w i t h  l a r g e r  BLT 
e x h i b i t e d  a c o n s i d e r a b l y  b e t t e r  ( l a r g e r )  mean time t o  
f i r s t  c y c l e  s l i p  than those  wi th  s m a l l e r  BLT v a l u e s .  
Loop pe r fo rmance  has  been  a s s e s s e d  on  t h e  b a s i s  of 
s t e a d y - s t a t e  phase  e r r o r  (SSPE) . A s  BLT i n c r e a s e s  f o r  
a  g i v e n  v a l u e  of BLt SSPE is  e s s e n t i a l l y  c o n s t a n t  f o r  
s m a l l  BLT v a l u e s  (e .g . ,  BLT - < 0.02) b u t  i n c r e a s e s  f o r  
l a r g e r  v a l u e s  of BLT. P l o t s  p r o v i d e  a  measure  of t h i s  
" e x c e s s "  SSPE f o r  l a r g e  BLT v a l u e s  f o r  l o o p s  w i t h  phase  
and p h a s e - r a t e  f e e d b a c k .  
' APPENDIX A. LOOP BANDWIDTH FRCM LOOP 
CONSTANTS I N  THE CONTINUOU S-UPDATE LIMIT 
We w i s h  t o  s o l v e  f o r  l o o p  bandwid th  
i n  terms o f  l o o p  c o n s t a n t s  k i t  w h e r e  t h e  t r a n s f e r  
f u n c t i o n  is g i v e n  by 
Under the c h a n g e  of v a r i a b l e  u = ~ I T V ,  we h a v e  
From G r a d s h t e y n  & Ryzhik  (3 .112)  ( I . S .  G r a d s h t e y n  and 
I .M. Ryzh ik ,  T a b l e  of I n t e g r a l s ,  S e r i e s  and P r o d u c t s ,  
20 C o r r e c t e d  and E n l a r g e d  E d i t i o n ,  Academic  P r e s s ,  N e w  
York,  P. 218 (1980)  , we h a v e  
w h e r e  
a n  e x p r e s s i o n  f o r  g , ( u ) :  
(u)  = [nl ( iu) N-l  + n2(iu) + . . . + c N ]  [nl (-iu) " I +  n2 (-iulN-' + . . . + K N ]  
and 
AN = 
MN = 
and a n  e x p r e s s i o n  f o r  h N ( u )  : 
(A .  11) 
Comparing E q u a t i o n s  (A.3) and (A.4) w i t h  (A.5) ,  we g e t  
a1 a3 a6 . . . 0 
(zo a2 a4 ... 0 
. 0 a1 a3 ... 0 
. 
. 
0 0 0 ... aN 
bl b2 b3 . . . bN 
a0 a2 ad . . . 0 
0 a1 a3 ... 0 
. 
0 0 0 ... a~ 
w h e r e  t h e  c h o i c e  of + i  r a t h e r  t h a n  -i h a s  been  made t o  
p l a c e  t h e  r o o t s  of  h N ( u )  i n  t h e  u p p e r  h a l f - p l a n e .  
(A.9) 
F i n a l l y ,  by e q u a t i n g  l i k e  terms i n  (A.6) w i t h  (A.10) 
and ( A . 7 )  w i t h  ( A . 1 1 ) ,  we have t h e  c o e f f i c i e n t s  a  and j 
b j  i n  te rms of t h e  l o o p  c o n s t a n t s  k j:  
One can now e x p r e s s  l o o p  bandwidth a s  a  f u n c t i o n  of 
l o o p  f i l t e r  c o n s t a n t s  by combining ( A . 4 )  and ( A . 5 )  t o  
o b t a i n  
(A. 14) 
where t h e  r i g h t  s i d e  is given by Equa t ions  ( A . 8 )  and 
( A . 9 )  w i t h  t h e  s u b s t i t u t i o n  of Equa t ions  ( A . 1 2 )  , and 
( A . 1 3 )  . 
Table  3 - 1  l i s ts  resul ts  of Equat ion  ( A . 1 4 )  and 
p r e s e n t s  B L  a s  a  f u n c t i o n  of ki f o r  t h e  f i r s t  f o u r  l o o p  
o r d e r s .  The t a b l e  a l s o  p r e s e n t s  B L  a s  a  f u n c t i o n  of 
t h e  a ' s  a£ t e r  s u b s t i t u t i o n  of Equat ion  ( 3 . 1 2 )  . 
APPENDIX B. ADAPTATION OF ANALYSIS 
TO LOOPS WITH COMPUTATION DELAY OF 
ONE UPDATE INTERVAL 
The p r e c e d i n g  DU a n a l y s i s  is based  on  a  l o o p  f i l t e r  
w i t h  n o  c o m p u t a t i o n  d e l a y .  Even though  t h e  a n a l o g o u s  
d e r i v a t i o n  f o r  a l o o p  f i l t e r  w i t h  a  c o m p u t a t i o n  d e l a y  
of one u p d a t e  i n t e r v a l  is i n  many ways a 
s t r a i g h t f o r w a r d  g e n e r a l i z a t i o n ,  t h e r e  a r e  a  few 
d i f f e r e n c e s  t h a t  a r e  wor th  men t ion ing .  In ana logy  w i t h  
E q u a t i o n  ( 3 . 3 4 ) ,  t h e  l o o p  e q u a t i o n  f o r  a l o o p  w i t h  a  
c o m p u t a t i o n  d e l a y  of one u p d a t e  i n t e r v a l  and phase  and 
p h a s e - r a t e  f e e d b a c k  becomes 
Based on t h i s  e q u a t i o n ,  we f i n d  i n  a  f a s h i o n  s i m i l a r  t o  
S e c t i o n  3 - 3 . 1  t h r o u g h  3.3.3 t h a t  t h e  c l o s e d - l o o p  
t r a n s f e r  f u n c t i o n  is g i v e n  by 
where t h e  denominator is d e f i n e d  by 
T h i s  polynomial  has N + 1 r o o t s  i n  c o n t r a s t  t o  t h e  
zero-computat ion-delay c a s e  i n  Equa t ion  ( 3  -42) and can 
be r e p r e s e n t e d  by 
Upon expans ion  of D(z)  , a  c o n s t r a i n t  e q u a t i o n  f o r  t h e  
st 
e x t r a  (N + 1) r o o t  comes from t h e  c o e f f i c i e n t  of zN 
when Equa t ions  (B. 3)  and (B. 4)  a r e  equated:  
Thus i f  r o o t s  zl , z 2 , .  . ., zN a r e  d e s i g n a t e d  a s  
s e l e c t a b l e  r o o t s ,  t h e  (N + l l S t  dependent  r o o t  i s  
determined by t h i s  e q u a t i o n .  A s  e x p l a i n e d  i n  S e c t i o n  
3.3.6, we a r e  f r e e  t o  p l a c e  t h e  N s e l e c t a b l e  r o o t s ,  a s  
befor  e ,  accord ing  t o  l o o p  n o i s e  bandwidth, damping 
pa ramete r  and re la t ive -magni tude  parameter  . The DU 
a n a l y s i s  of a computat ion-delay l o o p  is o the rwise  
p a r a l l e l  t o  t h e  a n a l y s i s  f o r  zero-computat ion-delay 
loop.  The l i n e a r  e q u a t i o n s  r e l a t i n g  t h e  l o o p  c o n s t a n t s  
t o  t h e  independent  r o o t s  a r e  s i m i l a r  t o  
E q u a t i o n s  (3 .49)  t h r o u g h  (3.53)  and w i l l  n o t  be shown 
h e r e .  R e s u l t s  f o r  t h i s  i m p l e m e n t a t i o n  have been 
p r e s e n t e d  i n  t h e  t e x t .  
Having t h u s  d i s c l o s e d  a  p r e f e r r e d  mode of c a r r y i n g  
o u t  t h e  i n v e n t i o n ,  what  is  c l a imed  is: 
Table 3-1. Loop Bandwidth from Loop Constants in the Continuous-update Limit 
let order 
-141 BL- 4 
2nd order 
n 
3rd order 
4th order 
Table 3-2. Loop Filter Constants in the Continuous-update Limit 
lot order . . 
K1 = 4BLT 
2nd order 
Ki = 4 ~ i ~ &  
Controlled-root: 
Standard: 
3rd order 
4th order 
Standard: 
Standard: a2 = , 1 "3 = 7 k a4 = 3 a 
r r 
Table 3-3. Loop-filter Constants for Typical Implement at ions 
in the Continuous-update Approximation 
Supercritically damped: v3 = 0, Xi = 1, for all roots 
Loop constants Conventional parameters 
Kl K2 KS K4 r k a 
(a2 K:) (&sK;) (a4K:) (llaz) (a3r2) ( 0 4 3 )  QI 
18' Order 4 BLT 
znd Order ~ B ~ T  $A": 
Srd Order ~ B L T  4 ~ :  
Order ~ B L T  g ~ :  
Table 3-3. CONTINUED Loop-filter constants for Typical Implementations 
in the Continuous-updat e Approximation 
Standard underdamped: q: = -1, Xi = 1, for all roots 
Loop constants 
K1 K2 Ks K4 
( Q2 K?) (QsK:) (a4K:) 
lat Order 4 BLT 
2nd Order 
~ B L T  4 ~ :  
srd Order %B&T BK? 
4th Order @BLT f K? 
Conventional parameters 
. Table 3-4. Loop Bandwidth from Loop Constants for Discrete-update Loops with 
Phase and Phase-Rate Feedback and No Computation Delay 
la* order 
2nd order 
3rd order 
Ath order 
Table 3-5. Loop Filter Constants for a Discrete-update Loop with Phase 
and Phase-rate Feedback and Supercritically-damped Response 
No computation delay 
let  order 2nd order 3rd order 4th order 
BLT Kl K1 " K2 K1 K2 Ks KI K2 K.9 K4 
0.001 0.003992 0.003193 2.553- 0.002903 2.812e-06 9.084e-10 0.002747 2.833e-06 1.299e-09 2.234e-13 
0.005 0.01980 0.01582 6.3-05 0.01438 6.94145 l.118e-07 0.01361 6.98845 1.59747 1.38%-10 
0.01 0,03922 0.03130 0.0002488 0.02845 0.0002733 8.778e-07 0.02692 0.000275 1.251e-06 2.138e-09 
0.02 0.07692 0.06125 0.0009677 0.05567 0.001060 6.765e-06 0.05269 0.001065 9.61746 3.265e-08 
0.03 0.1132 0.08993 0.002118 0.08174 0.002312 2,22045 0.07738 0.002321 0.0000312 1.57847 
~ ~ b l ~  3-5. CONTINUED Loop Filter Constants for a Discrete-update Loop with Phase 
and Phase-rate Feedback and Supercritically-damped Response 
No computation delay 
Computation delay = 1 update interval 
1st order 2nd order 3rd order 4th order 
BLT Kt KI Ka KI Ka Ks KI Ka Ka K4 
0.001 0.003976 0.003181 2.538e-06 0.002892 2.796e-06 9.015e-10 0.002737 2.816e-06 1.288e-09 2.211e.13 
Table 3-6. Loop Filter Constants for a Discrete-update Loop with Phase 
and Phase-rate Feedback and Standard-underdamped Response 
N o  computation delay 
let  order 2nd order 3rd order 4th order 
BLT Ki Kl K2 KI K2 Ks KI K2 Ks . K4 
0.001 0.003992 0.002861 3 .54546 0.002603 3.016e-06 1.3lle-09 0.002367 2.804~-06 1 .661~49 4.923t-13 
0.005 0.01980 0.01319 8 .75245 0.01290 7.437e-05 1.611e-07 0.01173 6.907~-05 2 .03747 3.008e-10 
0.01 0.03922 0.02609 0.0003448 0.02552 0.0002926 1.26446 0.02321 0.0002716 1 .59446 4 . 6 9 3 d  
0.02 0.07692 0.05106 0.001338 0.04996 0.001133 9.720e-06 0.04545 0.001051 1.22245 7 .14748 
0.03 0.1132 0.07499 0.002922 0.07338 0.002469 3.15&-05 0.06679 0.002289 3 .95545 3.44747 
Table 3-6. CONTINUED LOOP Filter Constants for a Discrete-update Loop with Phase 
and Phase-rate Feedback and Standard-underdamped Response 
No computation delay 
Computation delay = 1 update interval 
l e t  order 2nd order 3rd order 4th order 
K1 Ka K1 
cn 
BLT Kl Ks Ks KI Ks Ks K4 CO 
0.001 0.003976 0.00265 9.51648 0.002594 2.997e-06 1.29949 0.002358 2.78446 1.045e-09 4.859e-13 
0.005 0.01942 0.01299 8.48745 0.01270 7.22945 1.54947 0.01155 6.71745 1.95947 2.862~-10 
0.01 0.03779 0.02533 0.0003248 0.02474 0.0002769 1.170e-06 0.02252 0.0002573 1.478e-06 4.259e.09 
0.02 0.07177 0.04827 0.001194 0.04709 0.001019 8.3910-06 0.04293 0.0009475 1.058e-05 5.935~08 
0.03 0.1027 0.06919 0.002479 0.06739 0.002121 2.55445 0.06154 0.001971 3.210d-05 2.63&-07 
Table 3-7. Loop Filter Constants as Power Series in BLT in the Case of Phase and 
Phase-rate Feedback and No Computation Delay 
Su~er i t i ca lb  damped: r$ = 0, & = 1, for all roots 
1" Order ~ B L T  -~(BLT)' + 16(BtT)' 
Znd Order ~ B L T  - %(BtT)' + E ( B t T ) '  3 + f BLT - ~ ( B L T ) '  
l999667? 3rd Order ZBLT- (DL T)' + 14494, (BLT)' ;+ M B ~ T -  2!BX lQ7 107811 (BtT)l 5 + 297 a J ~ B L T  + ~ ( B L T ) ~  w 
j947968 33003 at" Order - 804367 (B~T)' + ?&amg2 (BLT)' 5 + ~ B L T  - ~ ( B L T ) '  A 16 + & BLT + -(BLT)' + &BLT + -(BLT)= 
Standard underdamped: q: = -1, A* = 1, for dl roots 
l't Order 4BtT - ~(BLT)' + 16(BLT)' 
znd Order t B L ~  - %(BLT)' + ~ ( B ~ T ) J  4 + $BLT - $(BLT)= 
78662000 3rd Order B B t T -  ~ ( B L T ) "  +a,' (BLT)' $+.€QQB~T-S?&?E sls6oo ( B ~ T ) a  & + ~ B L T  + 0,627 16800 ( B ~ T ) l  
6 092006 4'" Order ~ B L T - ~ ( B L T ) ~ + \ : ~ ~ , , ~ ( B L T ) ~  ;+ p L ~ -  ZK? eael (BLT)' $ + $BLT - E ( B L T ) '  & + &BLT + ~ ( B L T ) '  
Table 3-8. Loop Filter Constants as Power Series in BLT in the Case of Phase and 
Phase-rate Feedback and Computation Delay of One Update Interval 
lot Order U L T  -, 24(BLq2 + 208(BLT)' 
znd Order 
~ B L T  - ~ ( B L T ) "  +(BLT)' ? + ~ B L T  -%(BLT)' 
8044742 3rd Order EBLT - =(BLT)' + g4,,,,7:(B~T)S + E B L T  - ~ ( B L T ) '  ?!? + ~ B L T  207 + -(BLT)' 4 o
4'" Order ?$B~T - UU.3(BLT)2 + P 4 7  1 1  61 ae8110 2 , 1 ~ 0 6 : , ~ ( B ~ T ) "  g + ~ B L T  - ~ ( B L T ) ~  & + ~ B L T  + H ( B L T ) '  + ~ B L T  + 
Table 4-1. Transient-free Initialization of DPLLs 
Based on ARiori Information 
For a loop filter specified by update interval T, computation delay n, update intervals, constants K ~ ,  
K2, .. ., KN and input signal phase known in the form 4(t)  = dn+4P1(t- tn)+.  . .++$LN)(t -tn)N 
at time tn, loop sums and loop model phase dm,, are intialized at the end of the "phantomn nth 
interval as indicated. 
let Order 
znd Order 
3rd Order 
Table 4-1. CONTINUED Transient-free Initialization of DPLLs 
Based on A f i o r i  Information 
4th Order 
64.a = 
n-n, 
n-no i j - 
n-n, n-n, i C "' = T)~(T+~') + $ 4 ~ ~ )  + G~P'  + $ 4 ~ "  - K160, - K~ 64i - f i  C 64jl i=1 j=l k=l i= 1
i-1 j=1 
For all orders: 
4m.n = { 4- - 640,~ Atan extractor 4n - Arcsin(2~ 64,,)/2a, Sin extractor 
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PATENT APPLICATION 
METHOD OF IMPLEMENTING DIGITAL PHASE-LOCKED LOOPS 
ABSTRACT OF THE DISCLOSURE 
I n  a  new fo rmu la t i on  f o r  d i g i t a l  phase-locked l o o p s ,  
l o o p - f i l  t e r  c o n s t a n t s  a r e  determined from loop  r o o t s  
5 t h a t  can each be s e l e c t i v e l y  p laced i n  t h e  s -p lane  on 
t h e  b a s i s  of a  new s e t  of pa ramete r s ,  each with s imple  
and d i r e c t  p h y s i c a l  meaning i n  terms of loop  n o i s e  
bandwidth, r o o t - s p e c i f i c  decay r a t e ,  or r o o t - s p e c i f i c  
damping. Loops of f i r s t  t o  f o u r t h  o rde r  a r e  t r e a t e d  i n  
10 t h e  cont inuous-update  approximat ion (BLT+O) and i n  a  
d i s c r e t e - u p d a t e  f o rmu la t i on  with a r b i t r a r y  BLT. 
Def i c i e n c  i e s  of t h e  cont inuous-update  approxima t i o n  i n  
large-BLT a p p l i c a t i o n s  a r e  avoided i n  t he  new d i s c r e t e -  
update  fo rmula t ion .  A new method f o r  d i r e c t ,  
15 t r a n s i e n t - f r e e  a c q u i s i t i o n  with t h i r d -  and f  our th-order  
l oops  can improve t he  v e r s a t i l i t y  and r e l i a b i l i t y  of 
a c q u i s i t i o n  w i t h  such loops .  
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